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PREFACE 


r  [  iHE  present  issue  contains  the  first  eight  chapters  of 
-■-  "Conic  Sections  treated  Geometrically,"  the  ninth 
edition  of  which  was  published  in  1895.  These  chapters 
practically  cover  the  ranges  of  many  examinations,  such, 
for  instance,  as  the  Higher  Local  Examinations  and  some 
of  the  Civil  Service  Examinations,  and  also  cover,  in  the 
majority  of  cases,  the  extent  of  reading  in  Conies  which 
the  yoimg  student  is  likely  to  undertake,  and  which  may 
be  wanted  for  work  in  schools. 

It  is  therefore  hoped  that  a  small  and  inexpensive  book 
may  prove  to  be  useful  and  attractive  to  many  students  who 
may  desire  to  acquire  a  knowledge  of  Elementary  Conies, 
and  for  whom  the  higher  regions  of  thought  which  are 
dealt  with  in  the  later  chapters  of  the  Geometrical  Conies 
may  have  no  practical  value. 


W.  H.  BESANT. 


Cambkidge, 

April,  1898. 
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CONIC    SECTIONS. 


INTRODUCTION. 


DEFINITION. 

If  a  straight  line  and  a  point  be  given  in  position  in  a 
plane,  and  if  a  point  move  in  a  plane  in  such  a  manner  that 
its  distance  from  the  given  point  always  bears  the  same 
ratio  to  its  distance  from  the  given  line,  the  curve  traced  out 
by  the  moving  point  is  called  a  Conic  Section. 

The  fixed  point  is  called  the  Focus,  and  the  fixed  line 
the  Directrix  of  the  conic  section. 

When  the  ratio  is  one  of  equality,  the  curve  is  called  a 
Parabola. 

When  the  ratio  is  one  of  less  inequality,  the  curve  is 
called  an  Ellipse. 

When  the  ratio  is  one  of  greater  inequality,  the  curve  is 
called  an  Hyperbola. 

These  curves  are  called  Conic  Sections,  because  they 
can  all  be  obtained  from  the  intersections  of  a  Cone  by 
planes  in  different  directions,  a  fact  which  will  be  proved 
hereafter. 

It  may  be  mentioned  that  a  circle  is  a  particular  case  of 
an  ellipse,  that  two  straight  lines  constitute  a  particular 
case  of  an  hyperbola,  and  that  a  parabola  may  be  looked 
upon  as  the  limiting  form  of  an  ellipse  or  an  hyperbola, 
under  certain  conditions  of  variation  in  the  lines  and 
magnitudes  upon  which  those  curves  depend  for  their  form. 

B.  C.  S.  1 


2  INTRODUCTION. 

The  object  of  the  following  pages  is  to  discuss  the  general 
forms  and  characters  of  these  curves,  and  to  determine  their 
most  important  properties  by  help  of  the  methods  and 
relations  developed  in  the  first  six  books,  and  in  the  eleventh 
book  of  Euclid,  and  it  will  be  found  that,  for  this  purpose,  a 
knowledge  of  Euclid's  Geometry  is  all  that  is  necessary. 

The  series  of  demonstrations  will  shew  the  characters  and 
properties  which  the  curves  possess  in  common,  and  also  the 
special  characteristics  wherein  they  differ  from  each  other ; 
and  the  continuity  with  which  the  curves  pass  into  each 
other  will  appear  from  the  definition  of  a  conic  section  as  a 
Locus,  or  curve  traced  out  by  a  moving  point,  as  well  as  from 
the  fact  that  they  are  deducible  from  the  intersections  of  a 
cone  by  a  succession  of  planes. 


CHAPTER  I. 


PROPOSITION  I. 


The  Construction  of  a  Conic  Section. 

1.  Take  8  as  the  focus,  and  from  S  draw  SX  at  right 
angles  to  the  directrix,  and  intersecting  it  in  the  point  Ar. 

Definition.  This  line  SX,  produced  both  ways,  is  called 
the  Axis  of  the  Conic  Section. 

In  SX  take  a  point  A  such  that  the  ratio  of  SA  to  A  X 
is  equal  to  the  given  ratio ;  then  J.  is  a  point  in  the  curve. 

Def.     The  point  A  is  called  the  Vertex  of  the  curve. 
In  the  directrix  EX  take  any  point  E,  join  EA,  and  ES, 
produce  these  lines,  and  through  S  draw  the  straight  line 


SQ  making  with  ES  produced  the  same  angle  which  ES 
produced  makes  with  the  axis  SN. 
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Let  P  be  the  point  of  intersection  of  SQ  and  EA  pro- 
duced, and  through  P  draw  LPK  parallel  to  NX,  and  inter- 
secting ES  produced  in  L,  and  the  directrix  in  K. 


Then  the  angle  PLS  is  equal  to  the  angle  LSN  and 
therefore  to  PSL ; 

Hence  SP  =  PL. 

Also  PL  :  AS  ::  EP  :  EA 

::  PK  :  AX; 
.-.PL  :PK  ::  AS  :  AX; 

and  .-.  &P  :PK  ::  AS  :  AX. 

The  point  P  is  therefore  a  point  in  the  curve  required, 
and  by  taking  for  E  successive  positions  along  the  directrix 
we  shall,  by  this  construction,  obtain  a  succession  of  points 
in  the  curve. 

If  E  be  taken  on  the  upper  side  of  the  axis  at  the  same 
distance  from  X,  it  is  easy  to  see  that  a  point  P  will  be 
obtained  below  the  axis,  which  will  be  similarly  situated 
with  regard  to  the  focus  and  directrix.  Hence  it  follows 
that  the  axis  divides  the  curve  into  two  similar  and  equal 
portions. 
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Another  point  of  the  curve,  lying  in  the   straight   line 
KP,  can  be  found  in  the  following  manner. 

Through  S  draw  the 
straight  line  FS  making  the 
angle  FSK  equal  to  KSP, 
and  let  FS  produced  meet 
KP  produced  in  P'. 

Then,  since  KS  bisects 
the  angle  PSF, 

SP'  :  SP  ::  P'K  :  PK ; 
.-.  SF  :  P'K  ::  SP  :  PK, 

and  P'  is  a  point  in  the  curve. 

2.  Def.  The  Eccentricity.  The  constant  ratio  of  the 
distance  from  the  focus  of  any  point  in  a  conic  section  to 
its  distance  from  the  directrix  is  called  the  eccentricity  of 
the  conic  section. 

The  Lotus  Pedum,  If  E  be  so  taken  that  EX  is  equal 
to  SX,  the  angle  PSHT, 
which  is  double  the  angle 
LSX,  and  therefore  double 
the  angle  ESX,  is  a  right 
angle. 

For,  since  EX  —  SX,  the 
angle  ESX  =  SEX,  and,  the 
angle  SXE  being  a  right 
angle,  the  sum  of  the  two 
angles  SEX,  ESX,  which  is 
equal  to  twice  ESX,  is  also 
equal  to  a  right  angle. 

Calling  R  the  position  of  P  in  this  case,  produce  RS  to 
R',  so  that  R'S=  RS ;  then  R'  is  also  a  point  in  the  curve. 

Def.  The  straight  line  RSR'  drawn  through  the  focus 
at  right  angles  to  the  oris,  and  intersecting  the  curve  in  R 
and  R',  is  called  the  Latus  Rectum, 

It  is  hence  evident  that  the  form  of  a  conic  section  is 
determined  by  its  eccentricity,  and  that  its  magnitude   is 
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determined  by  the  magnitude  of  the  Latus  Rectum,  which 
is  given  by  the  relation 

SR  :  SX  ::  8A  :  AX. 

3.  Def.  The  straight  line  PN  (Fig.  Art.  1),  drawn 
from  any  point  P  of  the  curve  at  right  angles  to  the  axis, 
and  intersecting  the  axis  in  N,  is  called  the  Ordinate  of 
the  point  P. 

If  the  line  PN  be  produced  to  P  so  that  NP'  =  NP, 
the  line  PNP'  is  a  double  ordinate  of  the  curve. 

The  latus  rectum  is  therefore  the  double  ordinate  passing 
through  the  focus. 

Def.  The  distance  AN  of  the  foot  of  the  ordinate  from 
the  vertex  is  called  the  Abscissa  of  the  point  P. 

Def.  The  distance  SP  is  called  the  focal  distance  of 
the  point  P. 

It  is  also  described  as  the  radius  vector  drawn  from  the 
focus. 

4.  We  have  now  given  a  general  method  of  constructing 
a  conic  section,  and  we  have  explained  the  nomenclature 
which  is  usually  employed.  We  proceed  to  demonstrate  a 
few  of  the  properties  which  are  common  to  all  the  conic 
sections. 

For  the  future  the  word  conic  will  be  employed  as  an 
abbreviation  for  conic  section. 

Prop.  II.  If  the  straight  line  joining  two  points  P,  P 
of  a  conic  meet  the  directrix  in  F,  the  straight  line  Fti  will 
bisect  the  angle  between  PS  and  P'S  produced. 
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Draw  the  perpendiculars  PK,  P'K  on  the  directrix. 
Then  SP  :  SP'  ::  PK  :  P'K' 

::  PF   :  P'F. 

Therefore  FS  bisects  the  outer  angle,  at  S,  of  the  triangle 
PSP'.     (Euclid  vi.,  A.) 

Cor.  If  SQ  bisect  the  angle  PSP',  it  follows  that  FSQ 
is  a  right  angle. 

•").  Prop.  III.  2\ro  straight  line  can  meet  a  conic  in  more 
than  two  points. 

Employing  the  figure  of  Art.  4,  let  P  be  a  point  of  the 
curve,  and  draw  any  straight  line  FP. 

Join  SF,  draw  SQ  at  right  angles  to  SF,  and  SP'  making 
the  angle  QSP'  equal  to  QSP;  then  P'  is  a  point  of  the  curve. 

For,  since  SF  bisects  the  outer  angle  at  S, 

SP'  :  SP  ::  P'F  :  PF, 
::  P'K'  :  PK 
or  SP'   :  P'K'  ::  SP  :  PK, 

and  therefore,  P'  is  a  point  of  the  curve,  also,  there  is  no 
other  point  of  the  curve  in  the  straight  line  FPP'. 

For  suppose  if  possible  P"  to  be  another  point ;  then,  as 
in  Article  (4),  SQ  bisects  the  angle  PSP" ;  but  SQ  bisects 
the  angle  PSP' ;  therefore  P"  and  P'  are  coincident. 

6.     Prop.  IV.     If  QSQ'  be  a  focal  chord  of  a  conic,  and 
P  any  point  of  the  conic,  and  if 
QP,  Q'P  meet  the  directrix  in  E 
and  F,  the  angle  ESF  is  a  right 
angle. 

For,  by  Prop.  II.,  SE  bisects 
the  angle  PSQ',  and  SF  bisects 
the  angle  PSQ ; 

hence  it  follows  that  ESF 
is  a  right  angle. 

This  theorem  will  be  subse- 
quently utilised  in  the  case  in 
which  the  focal  chord  Q'SQ  is 
coincident  with  the  axis  of  the 
conic. 
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7.     Prop.  V.     The  straight  lines  joining  the  extremities 
of  two  focal  chords  intersect  in  the  directrix. 

If  PSp,  P'Sp'  be  the 
two  chords,  the  point  in 
which  PP'  meets  the 
directrix  is  obtained  by 
bisecting  the  angle 
PSP'  and  drawing  SF 
at  right  angles  to  the 
bisecting  line  SQ.  But 
this  line  also  bisects  the 
angle  pSp  ;  therefore 
pp'  also  passes  through 
F. 

The  line  SF  bisects 
the  angle  PSp',  and 
similarly,  if  QS  pro- 
duced, bisecting  the 
angle  pSp',  meet  the 
directrix  in  F,  the  two 
lines  Pp,  P'p  will  meet 
in  F.  It  is  obvious  that 
the  angle  FSF'  is  a  right 
anffle. 


8.     Prop.  VI.     The  semi-latus  rectilm  is   the   harmonic 
mean  between  the  two  segments  of  any  focal  chord  of  a  conic. 

Let  PSP'  be  a  focal  chord, 
and  draw  the  ordinates  PN, 
P'N'. 

Then,     the     triangles    >S'Pi\r, 
SP'N'  being  similar, 
SP  :  SP'  ::  SN  :  SN' 

::NX-8X\SX-N'X 
::SP-SR  -.SR-SP, 

since  SP,  SB,  SP'  are  proportional  to  NX,  SX,  and  N'X. 
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Cor.   Since  SP :  SP  -  SR  : :  SP .  SP' :  SP .  SP'  -  SR .  SP\ 
and      SP'  :  SR  -  SP'  r.SP.  SP'  :  SR  .  SP  -  SP .  SP', 
it  follows  that 

SP .  SP'  -  SR  .  SP'  =  SR  .  SP  -  SP .  SP' ; 
SR.PP'  =  2SP.SP'. 
Hence,  if  PSP',  QSQ'  are  two  focal  chords, 
PP'  :QQ'  r.SP.SP'  :SQ.SQ'. 

9.     Prop.  VII.    A  focal  chord  is  divided  harmonically  at 
the  focus  and  the  point  where  it  meets  the  directrix. 

Let  PSP'  produced  meet  the  directrix  in  F,  and  draw 
PK,  P'K'  perpendicular  to  the  directrix,  fig.  Art.  8. 


Then  PF  :  P'F 


PK  :  P'K' 
SP  :  SP' 
PF-SF: 


SF-P'F: 


that  is,  PF,  SF,  and  P'F  are  in  harmonic  progression,  and 
the  line  PP'  is  divided  harmonically  at  S  and  F. 

10.     Definition  of  the  Tangent  to  a  curve. 

If  a  straight  line,  drawn  through  a  point  P  of  a  curve, 
meet  the  curve  again  in  P',  and  if  the  straigJit  line  be  turned 
round  the  point  P  until  the  point  P'  approaches  indefinitely 
near  to  P,  the  ultimate  position  of  the  straight  line  is  the 
tangent  to  the  curve  at  P. 
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Thus,  if  the  straight  line  APP'  turn  round  P  until  the 
points  P  and  P'  coincide,  the  line  in  its  ultimate  position 
PT  is  the  tangent  at  P. 

Def.  The  normal  at  any  point  of  a  carve  is  the  straight 
line  drawn  through  the  point  at  right  angles  to  the  tangent  at 
that  point. 

Thus,  in  the  figure,  PG  is  the  normal  at  P. 

Prop.  VIII.  TJie  straight  line,  drawn  from  the  focus  to 
the  point  in  which  the  tangent  meets  the  directrix,  is  at  rigid 
angles  to  the  straight  line  drawn  from  the  focus  to  the  point  of 
contact. 


It  is  proved  in  Art.  (4)  that,  if  FPP'  is  a  chord,  and  if 
SQ  bisects  the  angle  PSP',  FSQ  is  a  right  angle. 

Let  the  point  P'  move  along  the  curve  towards  P;  then,  as 
P'  approaches  to  coincidence  with  P,  the  straight  line  FPP' 
approximates  to,  and  ultimately  becomes,  the  tangent  TP 
at  P. 

But  when  P'  coincides  with  P,  the  line  SQ  coincides  with 
SP,  and  the  angle  FSP,  which  is  ultimately  TSP,  becomes  a 
right  angle. 

Or,  in  other  words,  the  portion  of  the  tangent,  intercepted 
between  the  point  of  contact  and  the  directrix,  subtends  a 
right  angle  at  the  focus. 
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11.    Prop.  IX.    The  tangent  at  the  vertex  is  perpendicular 
to  the  axis. 

It'  a  chord  EAP  be  drawn  through 
the  vertex,  and  the  point  P  be  near 
the  vertex,  the  angle  PSA  is  small, 
and  LSN,  which  is  half  the  angle 
PSN,  is  nearly  a  right  angle. 

Hence  it  follows  that  when  P 
approaches  to  coincidence  with  A,  the 
point  E  moves  off  to  an  infinite 
distance  and  the  line  EAP,  which  is 
ultimately  the  tangent  at  A,  becomes 
parallel  to  LSE,  and  is  therefore  per- 
pendicular to  AX. 


12.     Prop.  X.     The  tangents  at  the  ends  of  a  focal  chord 
intersect  on  the  directrix. 


For  the  line  SF,  perpendicular  to  SP,  meets  the  directrix 
in  the  same  point  as  the  tangent  at  P ;  and,  since  SF  is 
also  at  right  angles  to  SP',  the  tangent  at  P'  meets  the 
directrix  in  the  same  point  F. 

Conversely,  if  from  any  point  F  in  the  directrix  tangents 
be  drawn,  the  chord  of  contact,  that  is,  the  straight  line 
joining  the  points  of  contact,  will  pass  through  the  focus  and 
will  be  at  right  angles  to  SF. 

Cor.  Hence  it  follows  that  the  tangents  at  the  ends  of 
the  latus  rectum  pass  through  the  foot  of  the  directrix. 
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13.  Prop.  XI.  If  a  chord  P'P  meet  the  directrix  in  F, 
and  if  the  line  bisecting  the  PSP'  meet  the  curve  in  q  and  q, 
Fq  and  Fq'  will  be  the  tangents  at  q  and  q. 

Taking  the  figure  of  Art.  7,  the  line  SQ  meets  the  curve 
in  q  and  q ,  and,  since  SF  is  at  right  angles  to  SQ,  it  follows, 
from  Art.  12,  that  Fq  and  Fq'  are  tangents. 

Hence  if  from  a  point  F  in  the  directrix  tangents  be 
drawn,  and  also  any  straight  line  FPP'  cutting  the  curve  in 
P  and  P',  the  chord  of  contact  will  bisect  the  angle  PSP'. 

14.  Prop.  XII.  If  the  tangent  at  any  point  P  of  a  conic 
intersect  the  directrix  in  F,  and  the  latus  rectum  produced 
in  D, 

SD:SF::SA  :  AX. 

Join  SK ;  then,  observing  that  FSP  and  FKP  are  right 
angles,  a  circle   can  be   described 
about   FSPK,   and    therefore    the 
angles  SFD,  SEP  are  equal. 

Also  the  angle  FSD 

=  complement  of  DSP 
=  SPK; 

.'.  the  triangles  FSP,  SPK  are 
similar,  and 

SB  :  SF  ::  SP  :  PK 
::  SA  :  ^1A\ 

Cor.  (1).  If  the  tangent  at  the  other  end  Pf  of  the  focal 
chord  meet  the  directrix  in  D', 

SD'  :SF::SA  :  AX  ; 
.-.  SD  =  SD'. 

Cor.  (2).  If  DE  be  the  perpendicular  from  I)  upon  SP, 
the  triangles  SDE,  SFX  are  similar,  and 

SE-.SX  ::SD  :SF 

::SA  :AX 

::  SR  :  SX  ; 

.'.  SE  is  equal  to  SP,  the  semi-latus  rectum. 
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15.  Prop.  XIII.  The  tangents  drawn  from  any  point  to 
a  conic  subtend  equal  angles  at  the  focus. 

Let  the  tangents  FTP,  FTP'  at  P  and  P'  meet  the 
directrix  in  F  and  F'  and  the  latus  rectum  in  D  and  D'. 

Join  ST  and  produce  it  to  meet  the  directrix  in  K ; 

then  KF:SD::KT  :  ST 

::KF':SD'. 
Hence  KF  :  KF' ::  SD  :  SD' 

y.SF  :  SiP' by  Prop.  XII. 

.-.  the  angles  TSF,  TSF'  are  equal. 


D 

sfp 

-^£ 

/ 

s 

D 

\ 

But  the  angles  FSP',  F'SP  are  equal,  for  each  is  the 
complement  of  FSF'; 

.'.  the  angles  TSP,  TSP'  are  equal. 

Cor.     Hence  it  follows  that  if  perpendiculars  TM,  TM' 
be  let  fall  upon  SP  and  SP',  they  are  equal  in  length. 

For  the  two  triangles  TSM,  TSM'  have  the  angles  TMS, 
TSM  respectively  equal  to  the  angles  TM'S,  TSM',  and  the 
side  TS  common ;  and  therefore  the  other  sides  are  equal, 
and  TM  =  TM'. 

16.     Prop.  XIV.     If  from  any  point  T  in  the  tangent  at 
a  point  P  of  a  conic,  TM  be  drawn,  perpendicular  to  the  focal 
distance  SP,  and  TN perpendicular  to  the  directrix, 
SM  :TN::SA  :  AX. 
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For,  if  PK  be  perpendicular  to  the  directrix  and  SF  be 
joined, 


SM  :  SP 


SM  :  TN 


TF 

TN 

SP 

SA 


FP 
PK 

PK 
AX. 


F 

X 


>7P 

^-"1r^ 

JM 

A 

S 

• 

This  theorem,  which  is  due 
to  Professor  Adams,  may  be 
employed  to  prove  Prop.  XIII. 

For  if,  in  the  figure  of  Art.  (15),  TM,  TM'  be  the 
perpendiculars  from  T  on  SP  and  SF,  and  if  TN  be  the 
perpendicular  on  the  directrix,  SM  and  SM'  have  each  the 
same  ratio  to  TN,  and  are  therefore  equal  to  one  another. 

Hence  the  triangles  TSM,  TSM'  are  equal  in  all  respects, 
and  the  angle  PSP'  is  bisected  by  ST. 

17.  Prop.  XV.  To  draw  tangents  from  any  point  to  a 
conic. 

Let  T  be  the  point,  and  let  a  circle  be  described  about  S 
as  centre,  the  radius  of  which  bears  to  TN  the  ratio  of 
SA  :  AX;  then,  if  tangents  TM,  TM'  be  drawn  to  the  circle, 
the  straight  lines  SM,  SM',  produced  if  necessary,  will 
intersect  the  conic  in  the  points  of  contact  of  the  tangents 
from  T 


18.    Prop.  XVI. 

of  the  conic  in  G, 


If  PG,  the  normal  at  P,  meet  the  axis 


SG  :SP::SA  :AX. 


Let  the  tangent  at  P  meet  the  directrix  in  F,  and  the 
latus  rectum  produced  in  D. 


NORMALS. 
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Then  the  angle  SPG  =  the  complement  of  SPF=PFS, 
and  PSG  =  the  complement  of  FSX  =  FSD ; 
.•.  the  triangles  SFD,  SPG  are  similar,  and 

SG  :  SP  ::SD:  SF ::  SA  :  AX,  by  Prop.  XII. 

19.  Prop.  XVII.  If  from  G,  the  point  in  which  the 
normal  at  P  meets  the  axis,  GL  be  drawn  perpendicular 
to  SP,  the  length  PL  is  equal  to  the  semi-latus  rectum. 


Let   the   tangent    at    P 
meet  the  directrix  in  F,  and 
join  SF. 

P^ 

Then    PLG,    PSF    are 
similar  triangles ; 

F 
X 

/  /l     \ 

.-.  PL  :  LG  ::  SF  :  SP. 

\\  //G'    g 

Also  SLG  and  SFX  are 
similar  triangles ; 

p\ 

.-.  LG  :  SX 

■:SG  . 

SF. 

Hence                     PL  :  SX 

::  #G 

SP 

but                                 SP  :  SX 

::>S'^1 
::>S'A 

:  AX,  Art.  (18), 
:^X,Art.(2); 

.-.  PL 

=  < 

s'tf. 

20.  Prop.  XVIII.  If  from  any  point  F  in  the  directrix 
tangents  be  drawn,  and  also  any  straight  line  FPP'  cutting 
the  curve  in  P  and  P ',  the  chord  PP'  is  divided  harmonically 
at  F  and  its  point  of  intersection  with  the  chord  of  contact. 


1G 


CONICS. 


For,  if  QSQ'  be  the  chord  of  contact,  it  bisects  the  angle 
PSP',  (Prop.  XL),  and  .'.,  if  Vbe  the  point  of  intersection  of 
SQ  and  PF, 

FF  :FP::  SF  :  SP 
v.FV.PV 

::  FF-FV:  FV-FP. 
Hence  FV  is  the  harmonic  mean  between  FP  and  FF. 
The  theorems  of  this  article  and  of  Art.  9  are  particular 
cases  of  more  general  theorems,  which  will  appear  hereafter. 

21.  Prop.  XIX.  If  a  tangent  be  drawn  parallel  to  a 
chord  of  a  conic,  the  portion  of  this  tangent  which  is  inter- 
cepted hi)  the  tangents  at  the  ends  of  the  chord  is  bisected  at 
the  point  of  contact. 


&* 


M  P^ 


Let  PP'  be  the  chord,  TP,  TF  the  tangents,  and  EQE 
the  tangent  parallel  to  PP'. 

From  the  focus  S  draw  8P,  SP'  and  SQ,  and  draw  TM, 
TM'  perpendicular  respectively  to  SP,  SF. 

Also  draw  from  E  perpendiculars  EN,  EL,  upon  SP, 
SQ,  and  from  E'  perpendiculars  E'N',  E'L'  upon  SP'  and 
SQ. 
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Then,  since  EE'  is  parallel  to  PP' 

TP  :EP  ::  TF  :  EP\ 
but  TP  :EP  ::  »  :  EN, 

and  TP' :  E'P' ::  TM'  :  E'N : 

.-.  7W:  JKff  ::  TiM'  :  E'N : 
but  ZW  =  Til/',  Cor.  Prop.  XIII.; 

:.EN=E'N'. 
Again,  by  the  same  corollary, 

EN  =  EL  and  E'N  =  EL' : 
:.EL=E'L', 
and,  the  triangles  J5XQ,  E'L'Q  being  similar, 

EQ  =  E'Q. 
Cor.     If  TQ  be  produced  to  meet  PP'  in  F, 
PV-.EQr.  TV-.TQ, 
and  P'V.E'Q::  TV  :  TQ: 

.:PV=P'V, 
that  is,  PP'  is  bisected  in  V. 

Hence,  if  tangents  be  drawn  at  the  ends  of  any  chord 
of  a  conic,  the  point  of  intersection  of  these  tangents,  the 
middle  point  of  the  chord,  and  the  point  of  contact  of  the 
tangent  parallel  to  the  chord,  all  lie  in  one  straight  line. 


EXAMPLES. 


1.  Describe  the  relative  positions  of  the  focus  and  directrix,  first, 
when  the  conic  is  a  circle,  and  secondly,  when  it  consists  of  two  straight 
lines. 

2.  Having  given  two  points  of  a  conic,  the  directrix,  and  the 
eccentricity,  determine  the  conic. 

3.  Having  given  a  focus,  the  corresponding  directrix,  and  a  tangent, 
construct  the  conic. 

13.  C.  S.  2 


IS  EXAMPLES. 

4.  If  a  circle  passes  through  a  fixed  point  and  cuts  a  given  straight 
line  at  a  constant  angle  the  locus  of  its  centre  is  a  conic. 

5.  If  PG,  pg,  the  normals  at  the  ends  of  a  focal  chord,  intersect  in 
0,  the  straight  line  through  0  parallel  to  Pp  bisects  Gg. 

6.  Find  the  locus  of  the  foci  of  all  the  conies  of  given  eccentricity 
which  pass  through  a  fixed  point  P,  and  have  the  normal  PG  given  an 
magnitude  and  position. 

7.  Having  given  a  point  P  of  a  conic,  the  tangent  at  P,  and  the 
directrix,  find  the  locus  of  the  focus. 

8.  If  PSQ  be  a  focal  chord,  and  X  the  foot  of  the  directrix,  XP 
and  XQ  are  equally  inclined  to  the  axis. 

9.  If  PK  be  the  perpendicular  from  a  point  P  of  a  conic  on  the 
directrix,  and  SK  meet  the  tangent  at  the  vertex  in  E,  the  angles  SPE, 
KPE  are  equal. 

10.  If  the  tangent  at  P  meet  the  directrix  in  F  and  the  axis  in  T, 
the  angles  KSF,  FTS  are  equal. 

11.  PSP'  is  a  focal  chord,  PN,  FN'  are  the  ordinates,  and  PK, 
P'K'  perpendiculars  on  the  directrix  ;  if  KN,  K'N'  meet  in  L,  the 
triangle  LNN'  is  isosceles. 

12.  The  focal  distance  of  a  point  on  a  conic  is  equal  to  the  length 
of  the  ordinate  produced  to  meet  the  tangent  at  the  end  of  the  latus 
rectum. 

13.  The  normal  at  any  point  bears  to  the  semi-latus  rectum  the 
ratio  of  the  focal  distance  of  the  point  to  the  distance  of  the  focus  from 
the  tangent. 

14.  The  chord  of  a  conic  is  given  in  length  ;  prove  that,  if  this 
length  exceed  the  latus  rectum,  the  distance  from  the  directrix  of 
the  middle  point  of  the  chord  is  least  when  the  chord  passes  through 
the  focus. 

15.  The  portion  of  any  tangent  to  a  conic,  intercepted  between  two 
fixed  tangents,  subtends  a  constant  angle  at  the  focus. 

16.  Given  two  points  of  a  conic,  and  the  directrix,  find  the  locus  of 
the  focus. 

17.  From  any  fixed  point  in  the  axis  a  line  is  drawn  perpendicular 
to  the  tangent  at  P  and  meeting  SP  in  R  ;  the  locus  of  R  is  a  circle. 

18.  If  the  tangent  at  the  end  of  the  latus  rectum  meet  the  tangent 
at  the  vertex  in  T,  AT=AS. 

19.  TP,  TQ  are  the  tangents  at  the  points  P,  Q  of  a  conic,  and  PQ 
meets  the  directrix  in  R  ;  prove  that  RST  is  a  right  angle. 

20.  SR  being  the  semi-latus  rectum,  if  RA  meet  the  directrix  in  E, 
and  SE  meet  the  tangent  at  the  vertex  in  T, 

AT=AS. 
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21.  If  from  any  point  T,  in  the  tangent  at  P,  TM  be  drawn 
perpendicular  to  SP,  and  TN  perpendicular  to  the  transverse  axis, 
meeting  the  curve  in  R,  SM=SR. 

22.  If  the  chords  PQ,  PQ  meet  the  directrix  in  F  and  F',  the  angle 
FSF'  is  half  PSP'. 

23.  If  PX  be  the  ordinate,  PG  the  normal,  and  GL  the  perpen- 
dicular from  G  upon  SP, 

GL  :  PN  ::  SA   :  AX. 

24.  If  normals  be  drawn  at  the  ends  of  a  focal  chord,  a  line 
through  their  intersection  parallel  to  the  axis  will  bisect  the  chord. 

25.  If  a  conic  of  given  eccentricity  is  drawn  touching  the  straight 
line  Fl)  joining  two  fixed  points  F  and  D,  and  if  the  directrix  always 
passes  through  F,  and  the  corresponding  latus  rectum  always  passes 
through  J),  find  the  locus  of  the  focus. 

26.  If  ST,  making  a  constant  angle  with  SP  meet  in  T  the  tangent 
at  P,  prove  that  the  locus  of  T  is  a  conic  having  the  same  focus  and 
directrix. 

27.  If  E  be  the  foot  of  the  perpendicular  let  fall  upon  PSP'  from 
the  point  of  intersection  of  the  normals  at  P  and  P', 

PE=SP'-<mdP'F=SP. 

28.  If  a  circle  be  described  on  the  latus  rectum  as  diameter,  and  if 
the  common  tangent  to  the  conic  and  circle  touch  the  conic  in  P  and 
the  circle  in  Q,  the  angle  PSQ  is  bisected  by  the  latus  rectum.  (Refer 
to  Cor.  2.  Art.  14.) 

29.  Given  two  points,  the  focus,  and  the  eccentricity,  determine 
the  position  of  the  axis. 

30.  If  a  chord  PQ  subtend  a  constant  angle  at  the  focus,  the  locus 
of  the  intersection  of  the  tangents  at  P  and  Q  is  a  conic  with  the  same 
focus  and  directrix. 

31.  The  tangent  at  a  point  P  of  a  conic  intersects  the  tangent  at 
the  fixed  point  P'  in  Q,  and  from  S  a  straight  line  is  drawn  perpen- 
dicular to  8Q  and  meeting  in  It  the  tangent  at  P ;  prove  that  the  locus 
of  R  is  a  straight  line. 

32.  The  circle  is  drawn  with  its  centre  at  S,  and  touching  the  conic 
at  the  vertex  A  ;  if  radii  Sp,  Sp'  of  the  circle  meet  the  conic  in  P,  P', 
prove  that  PP',  pp'  intersect  on  the  tangent  at  A. 

33.  Pp  is  any  chord  of  a  conic,  PG,  pg  the  normals,  G,  g  being  on 
ho  axis ;  GK,  gk  are  perpendiculars  on  Pp  ;  prove  that  PK=ph. 


CHAPTER  II 
The  Parabola. 

Def.  A  parabola  is  the  curve  traced  out  by  a  point 
which  moves  in  such  a  manner  that  its  distance  from  a  given 
point  is  always  equal  to  its  distance  from  a  given  straight 
line. 

Tracing  the  Curve. 
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22.  Let  S  be  the  focus,  EX  the  directrix,  and  SX  the 
perpendicular  on  EX.  Then,  bisecting  SX  in  A,  the  point 
A  is  the  vertex ;  and  if,  from  any  point  E  in  the  directrix, 
EAP,  ESL  be  drawn,  and  from  S  the  straight  line  SP 
meeting  EA  produced  in  P,  and  making  the  angle  PFL 
equal  to  LSX,  we  obtain,  as  in  Art.  (1),  a  point  P  in  the 
curve. 


For 


and 


But 
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PL  :PK::  SA  :  AX, 
:.  PL  =  PK. 

SP  =  PL,  and  .-.  SP  =  PK. 
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Again,  drawing  EP'  parallel  to  the  axis  and  meeting  in 
P'  the  line  PS  produced,  we  obtain  the  other  extremity  of 
the  focal  chord  PSP'. 

For  the  angle      ESP'  =  PSL  =  PLS 
=  SEP', 
and  .:SP'  =  P'E, 

and  P'  is  a  point  in  the  parabola. 

The  curve  lies  wholly  on  the  same  side  of  the  directrix ; 


for,  if  P'  be  a  point  on  the  other  side,  and  SN  be  perpen- 
dicular to  P'K,  SP'  is  greater  than  P'N,  and  therefore  is 
greater  than  P'K. 

Again,  a  straight  line  parallel  to  the  axis  meets  the  curve 
in  one  point  only. 

For,  if  possible,  let  P"  be  another  point  of  the  curve  in 
KP  produced. 

Then  SP  =  PK  and  SP"  =  P"K 

.:PP"  =  SP"-SP, 
or  PP"  +  SP  =  SP", 

which  is  impossible. 

23.  Prop.  I.  The  distance  from  the  focus  of  a  point 
inside  a  parabola  is  less,  and  of  a  point  outside  is  greater 
than  its  distance  from  tlie  directrix. 


22 


THE   PARABOLA. 


If  Q  be  the  point  inside, 
let  fall  the  perpendicular 
QPK  on  the  directrix,  meet- 
ing the  curve  in  P. 

Then  SP  +  PQ>SQ, 
but  SP+PQ 

=  PK+PQ  =  QK, 

.:SQ<QK. 

If  Q'  be  outside,  and  between  P  and 
SQ'  +  PQ'>SP, 
.-.  SQ'  >  Q'K. 
If  Q'  lie  in  PK  produced, 

SQ'  +  SP>PQ', 
and  /.  SQ'>KQ'. 


K, 


24.     Proi\  II.     The  Lotus  Rectum  =  4  .  AS. 

For  if,  Fig.  Art.  23,  Z£Z/  be  the  Latus  Rectum,  drawing 
LK'  at  right  angles  to  the  directrix,  we  have 

LS=LK'  =  SX  =  2AS, 

.-.  LSL'  =  4>.  AS. 


h 


25.     Mechanical  construction  of  the  Parabola. 

Take  a  rigid  bar  EKL,  of 
which  the  portions  EK,  KL  are 
at  right  angles  to  each  other, 
and  fasten  a  string  to  the  end 
L,  the  length  of  which  is  LK. 
Then  if  the  other  end  of  the 
string  be  fastened  to  S,  and  the 
bar  be  made  to  slide  along  a 
fixed  straight  edge,  EKX,  a  pencil  at  P,  keeping  the  string 
stretched  against  the  bar,  will  trace  out  a  portion  of  a 
parabola,  of  which  S  is  the  focus,  and  EX  the  directrix. 


THE   PARABOLA. 
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26.  Prop.  III.  //*  P7T  ?'s  £/>e  perpendicular  upon  the 
directrix  from  a  point  P  of  a  parabola,  and  if  PA  meet  the 
directrix  in  E,  the  angle  KSE  is  a  right  angle. 

Join  ES,  and  let  KP  and 
ES  produced  meet  at  L. 

Since  SA =A X,  it  follows 
that  PL  =PK=SP; 

.*.  P  is  the  centre  of  the 
circle  through  K,  S,  and  L, 
and  the  angle  KSL  is  a 
right  angle. 

Therefore  KSE  is  a  right  angle. 

27.  Prop.  IV.  If  PN  is  the  ordinate  of  a  point  P  of  a 
parabola, 

PR2  =  4AS  .  AN. 

Taking  the  figure  above, 

PN  :  EX  ::  AN :  AX 
.-.  PiV2 :  ^X  ,  KX  ::  4^Lj8f .  AN  :  44/8". 
But,  since  if&£'  is  a  right  angle, 

EX  .KX=SX2  =  4AS\ 
.-.  P#2  =  44flf.4JV. 

Cor.  If  AN  increases,  and  becomes  infinitely  large,  PN 
increases  and  becomes  infinitely  large,  and  therefore  the  two 
portions  of  the  curve,  above  and  below  the  axis,  proceed  to 
infinity. 

28.  Prop.  V.  If  from  the  ends  of  a  focal  chord  per- 
pendiculars be  let  fall  upon  the  directrix,  the  intercepted 
portion  of  the  directrix  subtends  a  right  angle  at  the  focus. 

For,  if  PA  meet  the  directrix  in  E,  and  if  the  straight 
line  through  E  perpendicular  to  the  directrix  meet  PS  in  P' , 
it  is  shewn,  in  Art.  22,  that  P'  is  the  other  extremity  of  the 
focal  chord  PS;  and,  as  in  Art.  26,  KSE  is  a  right  angle. 
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29.  Prop.  VI.  The  tangent  at  any  point  P  bisects  the 
angle  between  the  focal  distance  SP  and  the  perpendicular 
PK  on  the  directrix. 

Let  F  be  the  point  in  which 
the  tangent  meets  the  directrix, 
and  join  SF. 

We  have  shewn,  (Art.  10)  that 
FSP  is  a  right  angle,  and,  since 
SP  =  PK,  and  PF  is  common  to 
the  right-angled  triangles  SPF, 
KPF,  it  follows  that  these  triangles 
are  equal  in  all  respects,  and  there- 
fore the  angle 

SPF=FPK. 

In  other  words,  the  tangent  at  any  point  is  equally  inclined 
to  the  focal  distance  and  the  axis. 

Cor.  It  has  been  shewn,  in  Art.  (12),  that  the  tangents  at  the  ends 
of  a  focal  chord  intersect  in  the  directrix,  and  therefore,  if  PS  produced 
meet  the  curve  in  P',  FT'  is  the  tangent  at  P',  and  bisects  the  angle 
between  SP'  and  the  perpendicular  from  P'  on  the  directrix. 


30.     Prop.   VII.     The  tangents  at  the  ends  of  a  focal 
chord  intersect  at  rigid  angles  in  the  directrix. 

Let  PSP'  be  the  chord,  and  PF,  PF 
the  tangents  meeting  the  directrix  in  F. 

Let  fall  the  perpendiculars  PK,  P'K', 
and  join  SK,  SK. 

The  angle  P'SK  =  ±P'SX 

=  hSPK  =  SPF, 
.-.  SK'  is  parallel  to  PF, 
and,  similarly,  SK  is  parallel  to  P'F. 
But  (Art.  28)  KSK  is  a  right  angle  ; 

.-.  PFP'  is  a  right  angle, 
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31.  Prop.  VIII.  If  the  tangent  at  any  point  P  of  a 
'parabola  meet  the  aocis  in  T,  and  PN  be  the  ordinate  of  P, 
then 

AT--=AN. 

Draw    PK  perpendicular   to 
the  directrix. 

The  angle  SPT  =  TPK 
=  PTS, 
.:ST=SP 
=  PK 
=  NX. 
But  ST  =  SA+AT, 

and  NX=AN+AX 

.-.  since  SA  =AX, 
AT  =  AN. 


Def.     The  line  NT  is  called  the  sub-tangent. 

The  sub-tangent  is  therefore  twice  the  abscissa  of  the 
point  of  contact. 


T        X  A 


32.  Prop.  IX.  The  foot  of  the  'perpendicular  from  the 
focus  on  the  tangent  at  any  point  P  of  a  parabola  lies  on  the 
tangent  at  the  vertex,  and  the  perpendicular  is  a  mean  pro- 
portional between  SP  and  SA. 

Taking  the  figure  of  the  previous  article,  join  SK  meeting 
PT  in  F. 

Then  SP  =  PK,  and  PY  is  common  to  the  two  triangles 
SPY,  KPT; 

also  the  angle  SPY=  YPK: 
:.  the  angle  SYP  =  PYK, 

and  $Fis  perpendicular  to  PT. 

Also  SY=  KY,  and  &4  =  AX,  .:  AY  is  parallel  to  KX. 


2G 
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Hence,  AY  is  at  right  angles  to  AS,  and  is  therefore 
the  tangent  at  the  vertex. 

Again,  the  angle  SPY=STY  =  SYA,  and  the  triangles 
SPY,  SYA  are  therefore  similar; 

.:  SP  :  SY ::  SY\  SA, 
or  SY*  =  SP  .SA. 

33.  Prop.  X.  In  the  parabola  the  subnormal  is  constant 
and  equal  to  the  semi-latus  Rectum. 

Def.  The  distance  between  the  foot  of  the  ordinate  of  P 
and  the  point  in  which  the  normal  at  P  meets  the  axis  is 
called  the  subnormal. 
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In  the  figure  PG  is  the  normal  and  PT  the  tangent. 
It  has  been  shewn  that  the  angle  SPK  is  bisected  by 
PT,  and  hence  it  follows  that  SPL  is  bisected  by  PG, 
and  that  the  angle  SPG  =  GPL  =  PGS ; 
hence  SG  =  SP  =  ST 

=  SA  +AT=rlA  +  AN 
=  2AS+SN; 
.-.  the  subnormal  KG  =  2AS. 

34.     Cor.     If  Gl  be  drawn  perpendicular  to  SP, 

the  angle  G PI  =  the  complement  of  SPT, 
=  the  complement  of  STP, 
=  PGN, 
and  the  two  right-angled  triangles  GPN,  GPl  have  their  angles  equal 
and  the  side  GP  common;  hence  the  triangles  are  equal,  and 
Pl=NG  =  2AS 

=  the  semi-latus  Rectum. 
It  has  been  already  shewn,  (Art.  19),  that  this  property  is  a  general 
property  of  all  conies. 
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35.     Prop.  XI.     To  draw  tangents  to  a  parabola  from  an 

external  point, 

For  this  purpose  we  may  employ  the  general  construction 
given  in  Art.  (17),  or,  for  the  special  case  of  the  parabola,  the 
following  construction. 


K 

p^^-- 

Q^ 

Y 

\  p/ 
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Let  Q  be  the  external  point,  join  SQ,  and  upon  SQ  as 
diameter  describe  a  circle  intersecting  the  tangent  at  the 
vertex  in  Y  and  Y'.  Join  YQ,  Y'Q ;  these  are  tangents  to 
the  parabola. 

Draw  SP,  so  as  to  make  the  angle  YSP  equal  to  YSA, 
and  to  meet  YQ  in  P,  and  let  fall  the  perpendicular  PN 
upon  the  axis. 

Then,  SYQ  is  a  right  angle,  since  it  is  the  angle  in  a 
semicircle,  and,  T  being  the  point  in  which  QY  produced 
meets  the  axis,  the  two  triangles  SYP,  SYT  are  equal  in  all 
respects ; 

.-.  SP  =  ST,  and  YT  =  YP. 

But  A  Y  is  parallel  to  PN; 

:.AT  =  AN. 

Hence  SP  =  ST  =  SA  +AT 

=AX+AN 
=  NX, 
and  P  is  a  point  in  the  parabola. 

Moreover,  if  PK  be  perpendicular  to  the  directrix,  the 
angle  SPY  =  STP=YPK,  and  PY  is  the  tangent  at  P. 
(Art.  29.) 

Similarly,  by  making  the  angle  Y'SP'  equal  to  ASY' 
we  obtain  the  point  of  contact  of  the  other  tangent  QY. 
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36.  Prop.  XII.  If  from  a  point  Q  tangents  QP,  QP 
be  drawn  to  a  parabola,  the  two  triangles  SPQ,  SQP,  are 
similar,  and  SQ  is  a  mean  proportional  between  SP  and 
SP'. 
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Produce  PQ  to  meet  the  axis  in  T,  and  draw  SY,  SY' 
perpendicularly  on  the  tangents.  Then  Fand  Y'  are  points 
in  the  tangent  at' A. 

The  angle  SPQ  =  STY 

=  SYA 
=  SQP\ 

since  S,  Y,  Y,  Q  are  points  on  a  circle,  and  XYA,  SQP'  are 
in  the  same  segment. 

Also,  by  the  theorem  of  Art.  (15),  the  angle 

PSQ  =  QSP'; 

therefore  the  triangles  PSQ,  QSP'  are  sirnilar,  and 

SP  :SQ::  SQ  :  .ST'. 

37.  From  the  preceding  theorem  the  following,  which 
is  often  useful,  immediately  follows. 

If  from  any  points  in  a  given  tangent  of  a  parabola, 
tangents  be  drawn  to  the  curve,  the  angles  which  these  tangents 
make  with  the  focal  distances  of  the  points  from  which  they 
are  drawn  are  all  equal. 

For  each  of  them  by  the  theorem,  is  equal  to  the  angle 
between  the  given  tangent  and  the  focal  distance  of  the 
point  of  contact. 

Hence   it  follows  that  the  locus  of  the  intersection  of  a 
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tangent  to  a  parabola  with  a  straight  line  drawn  through  the 
focus  meeting  it  at  a  constant  angle  is  a  straight  line. 

For  if  QPhe  the  moveable  tangent,  the  angle  SQP=8PrQ, 
and  therefore,  if  SQP  is  constant,  SP'Q  is  a  given  angle. 
The  point  P'  is  therefore  fixed,  and  the  locus  of  Q  is  the 
tangent  P'  Q. 

38.     Since  the  two  triangles  PSQ,  QSP'  are  similar,  we  have 
and 


PQ 

:  P'Q  : 

:  SP  ■  sy 

PQ 

:  PQ   : 

:  SQ  :  SP, 

.-.  PQ2  : 

PQ2  : 

:  SP  :  SP', 

that  is,  the  squares  of  the  tangents  from  any  point  are  proportional  to 
the  focal  distances  of  the  points  of  contact. 

This  will  be  found  to  be  a  particular  case  of  a  subsequent  Theorem, 
given  in  Art.  51. 

39.  Prop.  XIII.  Hie  external  angle  between  two  tangents 
is  half  the  angle  subtended  at  the  focus  by  the  chord  of 
contact. 

Let  the  tangents  at  P  and  P'  intersect  each  other  in  Q 
and  the  axis  ASN  in  T  and  T. 

Join  SP,  SP';  then  the  angles  SPT,  STP  are  equal, 
and  .-.  STP  is  half  the  angle  PSN ;  similarly  ST'P'  is  half 

P'SN. 


But  TQT'  is  equal  to  the  difference  between  STP  and 
ST'P',  and  is  therefore  equal  to  half  the  difference  between 
PSN  and  P'SN,  that  is  to  half  the  angle  PSP'. 

Hence,  joining  SQ,  TQT'  is  equal  to  each  of  the  angles 
PSQ,  P'SQ. 
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40.  Prop.  XIV.  The  tangents  drawn  to  a 'parabola  from 
any  point  make  the  same  angles,  respectively,  with  the  axis 
and  the  focal  distance  of  the  point. 


Let  QP,  QP'  be  the  tangents;  join  SP,  and  draw  QE 
parallel  to  the  axis,  and  meeting  SP  in  E. 
Then,  if  PQ  meet  the  axis  in  T,  the  angle 
EQP  =  STP  =  SPQ 

=  SQP'.     (Art.  37.) 
i.e.     QP  and  QP'  respectively  make  the  same  angles  with 
the  axis  and  with  QS. 

41.  Conceive  a  parabola  to  be  drawn  passing  through  Q,  having  S 
for  its  focus,  SAT  for  its  axis,  and  its  vertex  on  the  same  side  of  S  as  the 
vertex  A  of  the  given  parabola.  Then  the  normal  at  Q  to  this  new 
parabola  bisects  the  angle  SQE;  therefore  the  angles  which  tyP  and 
QP'  make  with  the  normal  at  Q  are  equal. 

Hence  the  theorem, 

If  from  any  point  in  a  parabola,  tangents  be  drawn  to  a  confocal 
and  co-axial  parabola,  the  normal  at  the  point  will  bisect  the  angle 
between  the  tangents. 

If  we  produce  SP  to  any  point  p,  and  take  St  equal  to  Sp,  pt  will 
be  the  tangent  at  p  to  the  confocal  and  co-axial  parabola  passing 
through  p. 

Hence  the  theorem, 

J f  parallel  tangents  be  drawn  to  a  series  of  confocal  and  co-axial 
parabolas,  the  points  of  contact  loill  lie  in  a  straight  line  passing  through 
the  focus. 

In  these  enunciations  the  words  co-axial  and  confocal  are  intended 
to  imply,  not  merely  the  coincidence  of  the  axes,  but  also  that  the 
vertices  of  the  two  parabolas  are  on  the  same  side  of  their  common 
focus. 

The  reason  for  this  will  appear  when  we  shall  have  discussed  the 
analogous  property  of  the  ellipse. 
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42.  If  two  confocal  parabolas  have  their  axes  in  the  same  straight 
line,  and  their  vertices  on  opposite  sides  of  the  focus,  they  intersect  at 
right  angles. 


and 


For  the  angle  TPS=\PST\ 

T'PS=\PSTy 

.;.  TPT'  =  \(PST+PST')  =  &  right  angle. 

It  will   be   noticed   that,  in  this  case,  the  common  chord  PQ  is 
equidistant  from  the  directrices. 

For  the  distance  of  P  from  each  directrix  is  equal  to  SP. 

43.     Prop.   XV.     The  circle  passing  through  the  points 
of  intersection  of  three  tangents  passes  also  through  the  focus. 


Let  Q,  P,  Q'  be  the  three  points  of  contact,  and  F,  T,  F' 
the  intersections  of  the  tangents. 
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In  Art.  (36)  it  has  been  shewn  that,  if  FP,  FQ  be  tan- 
gents, the  angle 

SQF=SFP. 

Similarly  TQ,  TQ'  being  tangents,  the  angle 
SQT=STQ', 
hence  the  angle  SFF'  or  SFP  =  SQT, 

=  STF', 

and  a  circle  can  be  drawn  through  S,  F,  T,  and  F'. 

44*.  Def.  A  straight  line  drawn  parallel  to  the  axis 
through  any  point  of  a  parabola  is  called  a  diameter. 

Prop.  XVI.  If  from  any  point  T  tangents  TQ,  TQ'  be 
drawn  to  a  parabola,  the  point  T  is  equidistant  from  the 
diameters  passing  through  Q  and  Q',  and  the  diameter  drawn 
through  the  point  T  bisects  the  chord  of  contact. 

Join  SQ,  SQ',  and  draw  TM,  TM'  perpendicular  re- 
spectively to  SQ  and  SQ'. 

Also  draw  NTN'  per- 
pendicular to  the  diameters 
through  Q  and  Q',  and 
meeting  those  diameters  in 

N  and  N'. 

Then,  since  TS  bisects 
the  angle  QSQ' , 

TM=TM'- 
and,  since  TQ  bisects  the  angle  SQN, 

TN=TM. 
Similarly  TN'  =  TM' , 

:.  TN=TN'. 

Again,  join  QQ',  and  draw  the  diameter  TV  meeting 
QQ'  in  V  \  also  let  QT  produced  meet  Q'N'  in  R ; 

then  QV  :  VQ'  ::  QT  :  TB. 

::  TN:  TN', 
since  the  triangles  QTN,  RTN'  are  similar ; 
.'.  QV=  VQ'. 


/ 

V                       Q^ 

T 

s'/v/  \ 

vvt^CT/^ 

tt^Pm' 
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Hence  the  diameter  through  the  middle  point  of  a  chord 
passes,  when  produced,  through  the  point  of  intersection  of  the 
tangents  at  the  ends  of  the  chord. 

It  should  be  noticed  that  any  straight  line  drawn 
through  T  and  terminated  by  QN  and  Q'N'  is  bisected  at  T. 

45.  Prop.  XVII.  Any  diameter  bisects  all  chords  parallel 
to  the  tangent  at  its  extremity,  and  passes  through  the  point  of 
intersection  of  the  tangents  at  the  ends  of  any  of  these  chords. 

Let  QQ'  be  a  chord  parallel  to  the  tangent  at  P,  and 
through  the  point  of  intersection  T  of  the  tangents  at  Q  and 
Q'  draw  FTF'  parallel  to  QQ'  and  terminated  at  F  and  F'  by 
the  diameters  through  Q  and  Q'. 


Let  the  tangent  at  P  meet  TQ,  TQ'  in  E  and  E ' ,  and 
QF,  Q'F'  in  G  and  G'. 

Then  EG  :  TF  ::  EQ  :  TQ 

:•■  E'Q'  :  TQ' 
::  E'G'  :  TF'. 

But  TF=  TF'.  since  (Art.  44)  T  is  equidistant  from  QG  and 
Q'G', 

.-.  EG  =  E'G'. 

Also,  EP  =  EG,  since  E  is  equidistant  from  QG  and  P  V,  the 
diameter  at  P. 

.'.  EP  =  E'P  and  GP  =  PG', 

and  .'.  QV=VQ'. 

B.  c.  s.  3 
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Again,  since  T,  P,  V  are  each  equidistant  from  the 
parallel  straight  lines  QF,  Q'F',  it  follows  that  TPV  is  a 
straight  line,  or  that  the  diameter  VP  passes  through  T. 

We  have  shewn  that  QE,  EP,  PE',  E'G'  are  all  equal, 
and  Ave  hence  infer  that 

EE'  =  ^GQ'  =  IQQ', 
and  consequently  that  TP  =  }  TV,  or  that  TP  =  PV. 

Hence  it  appears,  that  the  diameter  through  the  point  of 
intersection  of  a  pair  of  tangents  passes  through  the  point  of 
contact  of  the  tangent  parallel  to  the  chord  of  contact,  and  also 
through  the  middle  point  of  the  chord  of  contact ;  and  that  the 
portion  of  the  diameter  between  the  point  of  intersection  of  the 
tangents  and  the  middle  point  of  the  chord  of  contact  is  bisected 
at  the  point  of  contact  of  the  parallel  tangent. 

We  may  observe  that  in  proving  that  EE'  is  bisected  at 
P,  we  have  demonstrated  a  theorem  already  shewn  (Art.  21) 
to  be  true  for  all  conies. 

46.     When  the  point  T  is  on  the  directrix,  QTQ'  is  a  right  angle. 

If  then  Qq  is  the  chord  which  is  normal  at  Q,  it  is  parallel  to  the 
tangent  TQ',  and  is  therefore  bisected  by  the  diameter  Q'  U  through  (./. 


Since  QUis  bisected  by  TV,  it  follows  that 

Qq  =  4TQ', 
i.e.   the  length  of  a  normal  chord  is  four  times  the  portion  of  the 
parallel  tangent  between  the  directrix  and  the  point  of  contact. 
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47.  Def.  The  line  QV,  parallel  to  the  tangent  at  P, 
and  terminated  by  the  diameter  PV,  is  called  an  ordinate 
of  that  diameter,  and  QQ'  is  the  double  ordinate.  The  point 
P,  the  end  of  the  diameter,  is  called  the  vertex  of  the  diameter, 
and  the  distance  PV  is  called  the  abscissa  of  the  point  Q. 

We  have  seen  that  tangents  at  the  ends  of  any  chord 
intersect  in  the  diameter  which  bisects  the  chord,  and  that 
the  distance  of  this  point  from  the  vertex  is  equal  to  the 
distance  of  the  vertex  from  the  middle  point  of  the  chord. 

Def.  The  chord  through  the  focus  parallel  to  the  tangent 
at  any  point  is  called  the  parameter  of  the  diameter  passing 
through  the  point. 

Prop.  XVIII.  The  parameter  of  any  diameter  is  four 
times  the  focal  distance  of  the  vertex  of  that  diameter. 

Let  P  be  the  vertex,  and 

QSQ'    the   parameter,    T  the 

point    of    intersection    of  the 

tangents    at    Q    and    Q',  and 
FPF  the  tangent  at  P. 

Then,  since  FS  and  F'S 
bisect  respectively  the  angles 
PSQ,  PSQ',  FSF'  is  a  right 
angle,  and,  P  being  the  middle 
point  of  FF',  SP  =  PF  =  PF'. 

Hence  QQ' ,  which  is  double 
FF',  is  four  times  SP. 


48.  Prop.  XIX.  If  QVQ'  be  a  double  ordinate  of  a 
diameter  PV,  QV  is  a  mean  proportional  betiueen  PV  and 
the  parameter  of  P. 

Let  FPF'  be  the  tangent  at  P,  and  draw  the  parameter- 
through  S  meeting  PF  in  U. 

The  angle  SUT  =  FPU  =  SPF'  (Art,  29),  and,  since  the 
angles  SFQ,  SPF  are  equal  (Art.  36),  it  follows  that  the 
angles  SFT,  SPF'  are  equal ; 

3—2 
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...  SUT=8FT,  and    U  is  a  point  in  the  circle  passing 
through  8FTF'. 


Hence,  Q  V  being  twice  PF, 

QF-'  =  4PJP2  =  4Pf7  .PT; 

but  PU  =  SP, 

for  the  angle         8 UP  =  FPU=  SPF'  =  PSU; 

and  PT=PV, 

.-.  QV2  =  4>SP.PV. 


49.  This  relation  may  be  pre- 
sented in  a  different  form,  which  is 
sometimes  useful. 

If  from  any  point  U  in  the  tan- 
gent at  P,  UQ  is  drawn  parallel  to 
the  axis,  UP  and  UQ  are  respec- 
tively equal  to  the  ordinate  and 
abscissa  of  the  point  Q  with  regard 
to  the  diameter  through  P,  and 
therefore 

PU*=4SP.  UQ. 

Therefore,  if  VR  is  drawn  parallel 
to  the  axis  from  another  point  V  of 
the  tangent, 

pin  :  pv*  ::  UQ  :  VR. 
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Hence,  since  UE  :  VR::  PU :  PV, 

UE*  :  VR?  ::  UQ  :  VR  ::  UQ  .  VR  :  VR\ 

and  UE2=UQ.  VR, 

Hence  UE  :   UQ  ::    VR  :   £T£  ::  PR  :  PE ; 

.-.  ?7§  :  QE  ::  PE  :  ER. 

In  a  similar  manner  it  can  be  shewn  that  17^=  £7$  .  172,  and  it 
follows  that  VF=  UE,  and  therefore  that  EF  is  parallel  to  the  tangent 
at  P. 

50.  Prop.  XX.  If  QVQ'  be  a  double  ordinate  of  a 
diameter  PV,  and  QD  the  perpendicular  from  Q  upon  PV, 
QD  is  a  mean  proportional  between  PV  and  the  latus  rectum. 


Let  the  tangent  at  P  meet  the  tangent  at  the  vertex  in 
Y,  and  join  SY. 

The  angle  QVD=SPY=SYA,  and  therefore  the  triangles 
QVD,  SA  Y  are  similar  ; 

and  QD2:  QV*  ::  AS*  :  SY* 

::AS*:AS.SP. 

::AS  :SP 

::  4>AS  .  PV  :  4>SP  .  PV, 

but  QV2  =  hSP  .  PV; 

.:  QD2  =  4<AS  .  PV. 

51.  Prop.  XXI.  If  from  any  point,  within  or  without 
a  parabola,  two  straight  lines  be  drawn  in  given  directions 
and  intersecting  the  curve,  the  ratio  of  the  rectangles  of  the 
segments  is  independent  of  the  position  of  the  point. 

From  any  point  0  draw  a  straight  line  intersecting  the 
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parabola  in  Q  and  Q',  and  draw  the  diameter  OE,  meeting 
the  curve  in  E. 


If  PV  be  the  diameter  bisecting  QQ',  and  EU  the 
ordinate,  OQ  .OQ'=OV2-QV2 

=  EU2  -  QV2  =  4SP  .PU-  4,S'P  .  PV 
=  4S'P.  OE. 

Similarly,  if  ORR  be  any  other  intersecting  line  and  P 
the  vertex  of  the  diameter  bisecting  RR, 
OR  .  OR  =  4&P  .  OE. 
.:  OQ.  OQ'  :  OR.  OR  ::  SP  :  SP', 

that  is,  the  ratio  of  the  rectangles  depends  only  on  the 
positions  of  P  and  P',  and,  if  the  lines  QQQ',  ORR  are  drawn 
parallel  to  given  straight  lines,  these  points  P,  P'  are  fixed. 

It  will  be  easily  seen  that  the  proof  is  the  same  if  the 
point  0  be  within  the  parabola. 

If  the  lines  OQQ',  ORR  be  moved  parallel  to  themselves 
until  they  become  the  tangents  at  P  and  P',  we  shall  then 
obtain,  if  these  tangents  intersect  in  T, 

2T2  :  TP'*  ::  SP  :  SF, 
a  result  previously  obtained  (Art.  38). 

Again  if  QSQ',  RSR  be  the  focal  chords  parallel  to  TP 
and  TP',  it  follows  that 

TP2 :  TP> ::  Q8  .  SQ'  :  RS  .  SR, 
.:  (cor.  Art.  8)  TP2  :  TP'2  ::  QQ'  :  RR. 


THE    PARABOLA. 


39 


52.  PROP.  XXII.  If  from  a  point  0,  outside  a  para- 
bola, a  tangent  OM,  and  a  chord  GAB  be  drawn,  and  if  the 
diameter  ME  meet  the  chord  in  E, 

OE*=OA  .  OB. 


Let  P  be  the  point  of  contact  of  the  tangent  parallel  to 
GAB,  and  let  OM,  ME  meet  this  tangent  in  T  and  F. 

Draw  TV  parallel  to  the  axis  and  meeting  PM  in  V; 
then  OA  .  OB  :  OM"  ::  TP*  :  TM*  (Art.  51), 

::  TF*:  TM\ 
since  PM  is  bisected  in  V : 
also  TF:  TM::  OE  :  OM; 

:.  OE-  =  OA  .  OB. 

Cor.  1.  If  vlZ,  BN  be  the  ordinates,  parallel  to  OM,  of 
A  and  B,  ML,  ME,  and  MN  are  proportional  to  OA,  OE 
and  OZ?,  and  therefore 

ME>=ML  .MN. 

This  theorem  may  be  also  stated  in  the  following  form  : 

If  a  chord  AB  of  a  parabola  intersect  a  diameter  in  the 
point  E,  the  distance  of  the  point  E  from  the  tangent  at  the 
end:  of  the  diameter  is  a  mean  proportional  between  the  dis- 
tances of  the  points  A  and  B  from  the  same  tangent. 
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Cor.  2.     Let  KE  be  the  ordinate  through  E  parallel  to 
OM. 

Then,  since         ML  :  ME  ::  iOJ :  ilfJV, 

AL* :  KE* ::  KE* :  BN* 

.'.  AL  :KE  ::  AA"  :  BN, 

so  that  i^A  is  a  mean  proportional  between  AL  and  l?iV,  the 
ordinates  of  A  and  J5. 

53.     Prop.  XXIII.     If  a  circle  intersect  a  parabola  in 

four  points,  the  two   straight  lines  constituting   any   one   of 

the  three  pairs  of  the  chords  of  intersection  are  equally  in- 
clined to  the  axis. 

Let  Q,  Q',  R,  R'  be  the  four  points  of  intersection ; 

then  OQ  .  OQ  =  OR  .  OR', 

and  therefore  SP,  SP'  are  equal,  (Art.  51). 


But,  if  SP,  SP'  be  equal,  the  points  P,  P'  are  on  opposite 
sides  of,  and  are  equidistant  from  the  axis,  and  the  tangents 
at  P  and  P'  are  therefore  equally  inclined  to  the  axis. 

Hence  the  chords  QQ',  RR',  which  are  parallel  to  these 
tangents,  are  equally  inclined  to  the  axis. 

In  the  same  manner  it  may  be  shewn  that  QR,  Q'R' 
are  equally  inclined  to  the  axis,  as  also  QR',  Q'R. 
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54.  Conversely,  if  two  chords  QQ',  Jilt',  which  are  not  parallel, 
make  equal  angles  with  the  axis,  a  circle  can  be  drawn  through  Q,  Q', 
R,R. 

For,  if  the  chords  intersect  in  0,  and  OE  be  drawn  parallel  to  the 
axis  and  meeting  the  curve  in  E,  it  may  be  shewn  as  above  that 

OQ  .  OQ'  =  ±SP .  OE,  and  OR  .  OR = ASP' .  OE, 

P  and  P'  being  the  vertices  of  the  diameters  bisecting  the  chords. 

But  the  tangents  at  P  and  P',  which  are  parallel  to  the  chords,  are 
equally  inclined  to  the  axis,  and  therefore  SP  is  equal  to  SP'. 

Hence  OQ  .  OQ'  =  0R  .  OR, 

and  therefore  a  circle  can  be  drawn  through  the  points  Q,  Q',  R,  R. 

If  the  two  chords  are  both  perpendicular  to  the  axis,  it  is  obvious 
that  a  circle  can  be  drawn  through  their  extremities,  and  this  is  the 
only  case  in  which  a  circle  can  be  drawn  through  the  extremities  of 
parallel  chords. 
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1.  Find  the  locus  of  the  centre  of  a  circle  which  passes  through  a 
given  point  and  touches  a  given  straight  line. 

2.  Draw  a  tangent  to  a  parabola,  making  a  given  angle  with  the 
axis. 

3.  If  the  tangent  at  P  meet  the  tangent  at  the  vertex  in  V, 

AY*=AS.AN. 

4.  If  the  normal  at  P  meet  the  axis  in  G,  the  focus  is  equidistant 
from  the  tangent  at  P  and  the  straight  line  through  G  parallel  to  the 
tangent. 

5.  Given  the  focus,  the  position  of  the  axis,  and  a  tangent,  construct 
the  parabola. 

6.  Find  the  locus  of  the  centre  of  a  circle  which  touches  a  given 
straight  line  and  a  given  circle. 

7.  Construct  a  parabola  which  has  a  given  focus,  and  two  given 
tangents. 

8.  The  distance  of  any  point  on  a  parabola  from  the  focus  is  equal 
to  the  length  of  the  ordinate  at  that  point  produced  to  meet  the  tangent 
at  the  end  of  the  latus  rectum. 

9.  PT  being  the  tangent  at  P,  meeting  the  axis  in  T,  and  PJTthe 
ordinate,  prove  that  TV.  TP=TS.  7'X 
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10.  If  SB  be  the  perpendicular  from  the  focus  on  the  normal  at  /', 
shew  that 

SE*=AN.SP. 

11.  The  locus  of  the  vertices  of  all  parabolas,  which  have  a 
common  focus  and  a  common  tangent,  is  a  circle. 

12.  Having  given  the  focus,  the  length  of  the  latus  rectum,  and  a 
tangent,  construct  the  parabola. 

13.  If  PSP'  be  a  focal  chord,  and  PX,  P'N'  the  ordinates,  shew 
that 

AN.  AN'  =  AS2. 
Shew  also  that  the  latus  rectum  is  a  mean  proportional  between 
the  double  ordinates. 

14.  The  locus  of  the  middle  points  of  the  focal  chords  of  a  parabola 
is  another  parabola. 

15.  Shew  that  in  general  two  parabolas  can  be  drawn  having  a 
given  straight  line  for  directrix,  and  passing  through  two  given  points 
on  the  same  side  of  the  line. 

16.  Pp  is  a  chord  perpendicular  to  the  axis,  and  the  perpendicular 
from  p  on  the  tangent  at  P  meets  the  diameter  through  P  in  R ;  prove 
that  RP  is  equal  to  the  latus  rectum,  and  find  the  locus  of  R. 

17.  Having  given  the  focus,  describe  a  parabola  passing  through 
two  given  points. 

18.  The  circle  on  any  focal  distance  as  diameter  touches  the 
tangent  at  the  vertex. 

19.  The  circle  on  any  focal  chord  as  diameter  touches  the  directrix. 

20.  A  point  moves  so  that  its  shortest  distance  from  a  given  circle 
is  equal  to  its  distance  from  a  given  diameter  of  the  circle ;  prove  that 
the  locus  is  a  parabola,  the  focus  of  which  coincides  with  the  centre  of 
the  circle. 

21.  Find  the  locus  of  a  point  which  moves  so  that  its  shortest 
distance  from  a  given  circle  is  equal  to  its  distance  from  a  given 
straight  line. 

22.  The  vertex  of  an  isosceles  triangle  is  fixed.  The  extremities  of 
its  base  lie  on  two  fixed  parallel  straight  lines.  Prove  that  the  base  is 
a  tangent  to  a  parabola. 

23.  Shew  that  the  normal  at  any  point  of  a  parabola  is  equal  to 
the  ordinate  through  the  middle  point  of  the  subnormal. 

24.  If  perpendiculars  arc  drawn  to  the  tangents  to  a  parabola 
where  they  meet  the  axis  they  will  be  normals  to  two  equal  parabolas. 

25.  PSP'  is  a  focal  chord  of  a  parabola.  The  diameters  through 
/',  /"  meet  the  normals  at  P',  P  in  V,  \"  respectively.  Trove  that 
PVV'P'  is  a  parallelogram. 
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26.  If  A  PC  be  a  sector  of  a  circle,  of  which  the  radius  CA  is  fixed, 
and  a  circle  be  described,  touching  the  radii  CA,  CP,  and  the  arc  AP, 
the  locus  of  the  centre  of  this  circle  is  a  parabola. 

27.  If  from  the  focus  S  of  a  parabola,  SY,  SZ  be  perpendiculars 
drawn  to  the  tangent  and  normal  at  any  point,  YZ  is  parallel  to  the 
diameter. 

28.  Prove  that  the  locus  of  the  foot  of  the  perpendicular  from  the 
focus  on  the  normal  is  a  parabola.  • 

29.  If  PG  be  the  normal,  and  GL  the  perpendicular  from. (7  upon 
SP,  prove  that  GL  is  equal  to  the  ordinate  PN. 

30.  Given  the  focus,  a  point  P  on  the  curve,  and  the  length  of  the 
perpendicular  from  the  focus  on  the  tangent  at  P,  find  the  vertex. 

31.  A  circle  is  described  on  the  latus  rectum  as  diameter,  and 
a  common  tangent  QP  is  drawn  to  it  and  the  parabola :  shew  that  SP, 
SQ  make  equal  angles  with  the  latus  rectum. 

32.  G  is  the  foot  of  the  normal  at  a  point  P  of  the  parabola, 
Q  is  the  middle  point  of  SG,  and  X  is  the  foot  of  the  directrix :  prove 
that 

QX2-QP2=4AS2. 

33.  If  PG  the  normal  at  P  meet  the  axis  in  G,  and  if  PF,  Pit, 
lines  equally  inclined  to  PG,  meet  the  axis  in  F  and  H,  the  length  SG  is 
a  mean  proportional  between  SF  and  SII. 

34.  A  triangle  A  EC  circumscribes  a  parabola  whose  focus  is  S,  and 
through  A,  D,  C,  lines  are  drawn  respectively  perpendicular  to  SA,  SB, 
SC ;  shew  that  these  pass  through  one  point. 

35.  If  PQ  be  the  normal  at  P  meeting  the  curve  in  Q,  and  if  the 
chord  PR  be  drawn  so  that  PR,  PQ  are  equally  inclined  to  the  axis, 
PRQ  is  a  right  angle. 

36.  PX  is  a  semi-ordinate  of  a  parabola,  and  AM  is  taken  on  the 
other  side  of  the  vertex  along  the  axis  equal  to  AN;  from  any  point  Q 
in  PX,  QR  is  drawn  parallel  to  the  axis  meeting  the  curve  in  jB  ;  prove 
that  the  lines  MR,  A  Q  will  intersect  in  the  parabola. 

37.  Having  given  two  points  of  a  parabola,  the  direction  of  the 
axis,  and  the  tangent  at  one  of  the  points,  construct  the  parabola. 

38.  Having  given  the  vertex  of  a  diameter,  and  a  corresponding 
double  ordinate,  construct  the  parabola. 

39.  PM  is  an  oi'dinate  of  a  point  P  ;  a  straight  line  parallel  to  the 
axis  bisects  PM,  and  meets  the  curve  in  Q  ;  MQ  meets  the  tangent  at 
the  vertex  in  T;  prove  that  3AT=2PM. 

40.  AB,  CI)  are  two  parallel  straight  lines  given  in  position,  and 
A  C  is  perpendicular  to  both,  A  and  C  being  given  points ;  in  CD  any 
point  ty  is  taken,  and  in  AQ,  produced  if  necessary,  a  point  P  is  taken, 
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such  that  the  distance  of  P  from  AB  is  equal  to  CQ;  prove  that  the 
locus  of  P  is  a  parabola. 

41.  If  the  tangent  and  normal  at  a  point  P  of  a  parabola  meet  the 
tangent  at  the  vertex  in  K  and  L  respectively,  prove  that 

KL*  :  ,S'P2  ::  JSP -AS  :  AS. 

42.  Having  given  the  length  of  a  focal  chord,  find  its  position. 

43.  Jf  the  ordinate  of  a  point  P  bisects  the  subnormal  of  a  point 
P',  prove  that  the  ordinate  of  P  is  equal  to  the  normal  of  P. 

44.  A  parabola  being  traced  on  a  plane,  find  its  axis  and  vertex. 

45.  If  PV,  F  V  be  two  diameters,  and  PV,  PV  ordinates  to  these 
diameters, 

PV=FV. 

46.  If  one  side  of  a  triangle  be  parallel  to  the  axis  of  a  parabola, 
the  other  sides  will  be  in  the  ratio  of  the  tangents  parallel  to  them. 

47.  QVQ'  is  an  ordinate  of  a  diameter  PV,  and  any  chord  PR 
meets  Q(J  in  JV,  and  the  diameter  through  Q  in  L ;  prove  that 

PI?=PN.PR. 

48.  Describe  a  parabola  passing  through  three  given  points,  and 
having  its  axis  parallel  to  a  given  line. 

49.  If  AP,  AQ  be  two  chords  drawn  from  the  vertex  at  right 
angles  to  each  other,  and  PN,  QM  be  ordinates,  the  latus  rectum  is  a 
mean  proportional  between  AN and  AM. 

50.  PSp  is  a  focal  chord  of  a  parabola;  prove  that  AP,  Ap  meet 
the  latus  rectum  in  two  points  whose  distances  from  the  focus  are 
equal  to  the  ordinates  of  p  and  P  respectively. 

51.  If  the  straight  line  AP  and  the  diameter  through  P  meet  the 
double  ordinate  QMQ'  in  R  and  R',  prove  that 

RM.R'M=QMK 

52.  A  and  P  are  two  fixed  points.  Parabolas  are  drawn  all  having 
their  vertices  at  A,  and  all  passing  through  /'.  Prove  that  the  points 
of  intersection  of  the  tangents  at  P  with  the  tangent  and  normal  at  A 
lie  on  two  fixed  circles,  one  of  which  is  double  the  size  of  the  other. 

53.  A  variable  tangent  to  a  parabola  intersects  two  fixed  tangents 
in  the  points  T  and  T' :  shew  that  the  ratio  ST  :  ST'  is  constant. 

54.  Through  a  fixed  point  on  the  axis  of  a  parabola  a  chord  PQ  is 
drawn,  and  a  circle  of  given  radius  is  described  through  the  feet  of  the 
ordinates  of  P  and  Q.     Shew  that  the  locus  of  its  centre  is  a  circle. 

55.  If  SY  be  the  perpendicular  on  the  tangent  at  P,  and  if  YS  be 
produced  to  R  so  that  SR  =  SY,  shew  that  PAR  is  a  right  angle. 
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56.  If  two  circles  be  drawn  touching  a  parabola  at  the  ends  of  a 
focal  chord,  and  passing  through  the  focus,  shew  that  they  intersect 
each  other  orthogonally. 

57.  PSQ  is  a  focal  chord  of  a  parabola,  whose  vertex  is  A  and 
focus  S,  V  being  the  middle  point  of  the  chord,  shew  that 

PV2  =  AV*+3A  S2. 

58.  QQ'  is  a  focal  chord  of  a  parabola.  Describe  a  circle  which 
shall  pass  through  Q,  Q'  and  touch  the  parabola. 

If  P  be  the  point  of  contact  and  the  angle  QPQ'  a  right  angle,  find 
the  inclination  of  QP  to  the  axis. 

59.  Through  two  fixed  points  E,  F,  on  the  axis  of  a  parabola  are 
drawn  two  chords  PQ,  PR  meeting  the  curve  in  P,  Q,  P.  If  QR  meet 
the  axis  in  T,  shew  that  the  ratio  TR  :  TQ  is  constant. 

60.  A  chord  PQ  is  normal  to  the  parabola  at  P,  and  the  angle 
PSQ  is  a  right  angle.  Prove  that  SQ=2SP,  and  that  the  ordinate  of  P 
is  equal  to  the  latus  rectum.  Also,  if  T  is  the  point  of  intersection  of 
the  tangents  at  P  and  Q,  and  if  R  is  the  middle  point  of  TQ,  prove 
that  the  angle  TSR  is  a  right  angle,  and  that  ST=2SR. 

61.  A  straight  line  intersects  a  circle ;  prove  that  all  the  chords  of 
the  circle  which  are  bisected  by  the  straight  line  are  tangents  to  a 
parabola. 

62.  If  two  tangents  TP,  TQ  be  drawn  to  a  parabola,  the  perpen- 
dicular SE  from  the  focus  on  their  chord  of  contact  passes  through  the 
middle  point  of  their  intercept  on  the  tangent  at  the  vertex. 

63.  From  the  vertex  of  a  parabola  a  perpendicular  is  drawn  on 
the  tangent  at  any  point ;  prove  that  the  locus  of  its  intersection  with 
the  diameter  through  the  point  is  a  straight  line. 

64.  If  two  tangents  to  a  parabola  be  drawn  from  any  point  in 
its  axis,  and  if  any  other  tangent  intersect  these  two  in  P  and  Q, 
prove  that  SP=SQ. 

65.  T  is  a  point  on  the  tangent  at  P,  such  that  the  perpendicular 
from  T  on  SP  is  of  constant  length  ;  prove  that  the  locus  of  T  is  a 
parabola. 

If  the  constant  length  be  2.1$,  prove  that  the  vertex  of  the  locus 
is  on  the  directrix. 

66.  Given  a  chord  of  a  parabola  in  magnitude  and  position,  and 
the  point  in  which  the  axis  cuts  the  chord,  the  locus  of  the  vertex 
is  a  circle. 

67.  If  the  normal  at  a  point  P  of  a  parabola  meet  the  curve  in  Q, 
and  the  tangents  at  P  and  Q  intersect  in  T,  prove  that  T  and  P  are 
equidistant  from  the  directrix. 
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68.  If  TP,  TQ  be  tangents  to  a  parabola,  such  that  the  chord 
PQ  is  normal  at  P, 

PQ  :  PT  ::  PN  :  AN, 
PN  and  AN  being  the  ordinate  and  abscissa. 

69.  If  two  equal  tangents  to  a  parabola  be  cut  by  a  third  tangent, 
the  alternate  segments  of  the  two  tangents  will  be  equal. 

70.  If  AP  be  a  chord  through  the  vertex,  and  if  PL,  perpendicular 
to  AP,  and  PG,  the  normal  at  P,  meet  the  axis  in  L,  G  respectively, 
GL= half  the  latus  rectum. 

71.  If  PSQ  be  a  focal  chord,  .1  the  vertex,  and  PA,  QA  be 
produced  to  meet  the  directrix  in  P,  Q'  respectively,  then  P'SQ'  will 
be  a  right  angle. 

72.  The  tangents  at  P  and  Q  intersect  in  T,  and  the  tangent  at 
R  intersects  TP  and  TQ  in  G  and  D ;  prove  that 

PC  :  CT  ::  CR  :  RD  ::  TD  :  DQ. 

73.  From  any  point  D  in  the  latus  rectum  of  a  parabola,  a  straight 
line  DP  is  drawn,  parallel  to  the  axis,  to  meet  the  curve  in  P ;  if 
X  be  the  foot  of  the  directrix,  and  A  the  vertex,  prove  that  AD, 
XP  intersect  in  the  parabola. 

74.  PSp  is  a  focal  chord,  and  upon  PS  and  pS  as  diameters 
circles  are  described  ;  prove  that  the  length  of  either  of  their  common 
tangents  is  a  mean  proportional  between  AS  and  Pp. 

75.  If  AQ  be  a  chord  of  a  parabola  through  the  vertex  A,  and 
QR  be  drawn  perpendicular  to  AQ  to  meet  the  axis  in  R ;  prove 
that  AR  will  be  equal  to  the  chord  through  the  focus  parallel  to  AQ. 

76.  If  from  any  point  P  of  a  circle,  PC  be  drawn  to  the  centre 
C,  and  a  chord  PQ  be  drawn  parallel  to  the  diameter  AB,  and 
bisected  in  R ;  shew  that  the  locus  of  the  intersection  of  CP  and  AR 
is  a  parabola. 

77.  A  circle,  the  diameter  of  which  is  three-fourths  of  the  latus 
rectum,  is  described  about  the  vertex  A  of  a  parabola  as  centre  ;  prove 
that  the  common  chord  bisects  AS. 

78.  Shew  that  straight  lines  drawn  perpendicular  to  the  tan- 
gents of  a  parabola  through  the  points  where  they  meet  a  given  fixed 
fine  perpendicular  to  the  axis  are  in  general  tangents  to  a  confocal 
parabola. 

79.  If  QR  be  a  double  ordinate,  and  PD  a  straight  line  drawn 
parallel  to  the  axis  from  any  point  P  of  the  curve,  and  meeting  QR 
in  D,  prove,  from  Art.  27,  that 

QD  .  RD=4AS  .  PD. 

80.  Prove,  by  help  of  the  preceding  theorem,  that,  if  QQ'  be  a 
chord  parallel  to  the  tangent  at  P,  QQ'  is  bisected  by  PD,  and  hence 
determine  the  locus  of  the  middle  point  of  a  series  of  parallel  chords. 
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81.  If  a  parabola  touch  the  sides  of  an  equilateral  triangle,  the 
focal  distance  of  any  vertex  of  the  triangle  passes  through  the  point 
of  contact  of  the  opposite  side. 

82.  Find  the  locus  of  the  foci  of  the  parabolas  which  have  a 
common  vertex  and  a  common  tangent. 

83.  From  the  points  where  the  normals  to  a  parabola  meet  the 
axis,  lines  are  drawn  perpendicular  to  the  normals  :  shew  that  these 
lines  will  be  tangents  to  an  equal  parabola. 

84.  Inscribe  in  a  given  parabola  a  triangle  having  its  sides 
parallel  to  three  given  straight  lines. 

85.  PJVP'  is  a  double  ordinate,  and  through  a  point  of  the 
parabola  RQL  is  drawn  perpendicular  to  PP'  and  meeting  PA,  or 
PA  produced  in  R  ;   prove  that 

PN  :  XL  ::  LR  :  RQ. 

86.  PNP  is  a  double  ordinate,  and  through  R,  a  point  in  the 
tangent  at  P,  RQM  is  drawn  perpendicular  to  PP'  and  meeting  the 
curve  in  Q  ;    prove  that 

QM  :  QR  ::  P'M  :  PM. 

87.  If  from  the  point  of  contact  of  a  tangent  to  a  parabola,  a 
chord  be  drawn,  and  a  line  parallel  to  the  axis  meeting  the  chord, 
the  tangent,  and  the  curve,  shew  that  this  line  will  be  divided  by 
them  in  the  same  ratio  as  it  divides  the  chord. 

88.  PSp  is  a  focal  chord  of  a  parabola,  RD  is  the  directrix  meet- 
ing the  axis  in  D,  Q  is  any  point  in  the  curve ;  prove  that  if  QP,  Qp 
produced  meet  the  directrix  in  R,  r,  half  the  latus  rectum  will  be 
a  mean  proportional  between  DR  and  Dr. 

89.  A  choid  of  a  parabola  is  drawn  parallel  to  a  given  straight 
line,  and  on  this  chord  as  diameter  a  circle  is  described  ;  prove  that 
the  distance  between  the  middle  points  of  this  chord,  and  of  the  chord 
joining  the  other  two  points  of  intersection  of  the  circle  and  parabola, 
will  be  of  constant  length. 

90.  If  a  circle  and  a  parabola  have  a  common  tangent  at  P,  and 
intersect  in  Q  and  R ;  and  if  Q  V,  UR  be  drawn  parallel  to  the  axis 
of  the  parabola  meeting  the  circle  in  V  and  U  respectively,  then  will 
VU  be  parallel  to  the  tangent  at  P. 

91.  If  PV  be  the  diameter  through  any  point  P,  QV  a  semi- 
ordinate,  Q'  another  point  in  the  curve,  and  QP  cut  QV  in  R,  and 
Q'R'i  the  diameter  through  Q',  meet  QVin  R',  then 

VR  .   VR'  =  QV\ 

92.  PQ,  PR  are  any  two  chords  ;  PQ  meets  the  diameter  through 
R  in  the  point  F,  and  PR  meets  the  diameter  through  Q  in  E; 
prove  that  EF  is  parallel  to  the  tangent  at  P. 
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93.  If  parallel  chords  be  intersected  by  a  diameter,  the  distances 
of  the  points  of  intersection  from  the  vertex  of  the  diameter  are  in 
the  ratio  of  the  rectangles  contained  by  the  segments  of  the  chords. 

94.  If  tangents  be  drawn  to  a  parabola  from  any  point  P  in  the 
latus  rectum,  and  if  Q,  Q'  be  the  points  of  contact,  the  semi-latus 
rectum  is  a  geometric  mean  between  the  ordinates  of  Q  and  Q',  and 
the  distance  of  P  from  the  axis  is  an  arithmetic  mean  between  the 
same  ordinates. 

95.  If  A',  B',  C"  be  the  middle  points  of  the  sides  of  a  triangle 
ABC,  and  a  parabola  drawn  through  A',  B',  C"  meet  the  sides  again 
in  A",  B",  C",  then  will  the  lines  AA",  BB",  CG"  be  parallel  to  each 
other. 

96.  A  circle  passing  through  the  focus  cuts  the  parabola  in  two 
points.  Prove  that  the  angle  between  the  tangents  to  the  circle  at 
those  points  is  four  times  the  angle  between  the  tangents  to  the 
parabola  at  the  same  points. 

97.  The  locus  of  the  points  of  intersection  of  normals  at  the 
extremities  of  focal  chords  of  a  parabola  is  another  parabola. 

98.  Having  given  the  vertex,  a  tangent,  and  its  point  of  contact, 
construct  the  parabola. 

99.  PSp  is  a  focal  chord  of  a  parabola  ;  shew  that  the  distance 
of  the  point  of  intersection  of  the  normals  at  P  and  p  from  the 
directrix  varies  as  the  rectangle  contained  by  PS,  pS. 

100.  TP,  TQ  are  tangents  to  a  parabola  at  P  and  Q,  and  0  is 
the  centre  of  the  circle  circumscribing  PTQ ;  prove  that  TSO  is  a 
right  angle. 

101.  P  is  any  point  of  a  parabola  whose  vertex  is  A,  and  through 
the  focus  S  the  chord  QSQ'  is  drawn  parallel  to  AP ;  PN,  QM,  Q'M', 
being  perpendicular  to  the  axis,  shew  that  SMjs  a  mean  proportional 
between  AM.  AN,  and  that 

MM'  =  AP. 

102.  If  a  circle  cut  a  parabola  in  four  points,  two  on  one  side 
of  the  axis,  and  two  on  the  other,  the  sum  of  the  ordinates  of  the 
first  two  is  equal  to  the  sum  of  the  ordinates  of  the  other  two  points. 

Extend  this  theorem  to  the  case  in  which  three  of  the  points  are 
on  one  side  of  the  axis  and  one  on  the  other. 

103.  The  tangents  at  P  and  Q  meet  in  T,  and  TL  is  the  per- 
pendicular from  T  on  the  axis  ;  prove  that  if  PN,  QM  be  the  ordinates 
of  P  and  Q, 

PN  .  QM=AAS  .  AL. 

104.  The  tangents  at  P  and  Q  meet  in  T,  and  the  lines  TA,  PA, 
QA,  meet  the  directrix  in  t,  p,  and  q  :  prove  that 

tp  =  tq. 
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105.  From  a  point  T  tangents  Tl\  TQ  are  drawn  to  a  parabola, 
and  through  T  straight  lines  are  drawn  parallel  to  the  normals  at  P 
and  Q ;  prove  that  one  diagonal  of  the  parallelogram  so  formed  passes 
through  the  focus. 

106.  Through  a  given  point  within  a  parabola  draw  a  chord  which 
shall  be  divided  in  a  given  ratio  at  that  point. 

107.  ABC  is  a  portion  of  a  parabola  bounded  by  the  axis  AD  and 
the  semi-ordinate  DC :  find  the  point  P  in  the  semi-ordinate  such  that 
if  PQ  be  drawn  parallel  to  the  axis  to  meet  the  parabola  in  Q,  the  sum 
of  BP  and  PQ  shall  be  the  greatest  possible. 

108.  The  diameter  through  a  point  P  of  a  parabola  meets  the 
tangent  at  the  vertex  in  Z ;  the  normal  at  P  and  the  focal  distance 
of  Z  will  intersect  in  a  point  at  the  same  distance  from  the  tangent 
at  the  vertex  as  P. 

109.  Given  a  tangent  to  a  parabola  and  a  point  on  the  curve, 
shew  that  the  foot  of  the  ordinate  of  the  point  of  contact  of  the 
tangent  drawn  to  the  diameter  through  the  given  point  lies  on  a  fixed 
straight  line. 

110.  Find  a  point  such  that  the  tangents  from  it  to  a  parabola 
and  the  lines  from  the  focus  to  the  points  of  contact  may  form  a 
parallelogram. 

111.  Two  equal  parabolas  have  a  common  focus  ;  and,  from  any 
point  in  the  common  tangent,  another  tangent  is  drawn  to  each  ;  prove 
that  these  tangents  are  equidistant  from  the  common  focus. 

112.  Two  parabolas  have  a  common  axis  and  vertex,  and  their 
concavities  turned  in  opposite  directions  ;  the  latus  rectum  of  one  is 
eight  times  that  of  the  other ;  prove  that  the  portion  of  a  tangent  to 
the  former,  intercepted  between  the  common  tangent  and  axis,  is 
bisected  by  the  latter. 
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CHAPTER  III. 
The  Ellipse. 


Def.  An  ellipse  is  the  curve  traced  oat  by  a  point  which 
moves  in  such  a  manner  that  its  distance  from  a  given  point  is 
in  a  constant  ratio  of  less  inequality  to  its  distance  from  a 
given  straight  line. 

Tracing  the  Curve. 

bo.  Let  $  be  the  focus,  EX  the  directrix,  and  SX  the 
perpendicular  on  EX  from  S. 


Divide  SX  at  the  point  A  in  the  given  ratio ;  the  point 
A  is  the  vertex. 

From  any  point  E  in  EX,  draw  EAP,  ESL,  and  through 
S  draw  SP  making  the  angle  PSL  equal  to  LSN,  and 
meeting  EAP  in  P. 

Through  P  draw  LPK  perpendicular  to  the  directrix  and 
meeting  ESL  in  L. 
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Then  the  angle  PSL  =  LSX  =  SLP. 

.:SP  =  PL. 

Also  PL  :  PK  ::  SA   :  AX. 

Hence  SP  :  PK  ::  SA  :  AX, 

and  P  is  therefore  a  point  in  the  curve. 

Again,  in  the  axis  XAN  find  a  point  A'  such  that 

SA'  :  A'X  ::  SA  :  AX; 

this  point  is  evidently  on  the  same  side  of  the  directrix  as 
the  point  A,  and  is  another  vertex  of  the  curve. 


Join  EA'  meeting  PS  produced  in  F,  and  draw  P'L'K' 
perpendicular  to  the  directrix  and  meeting  ES  in  L'. 

Then  FL'  :  FK'  ::  SA'  :  A'X 

::  >S'^    :  AX, 

and  the  angle  SL'F  =  Z'&4  =  Z'^ST' ; 

.-.  FL'  =  SF. 

Hence  P'  is  also  a  point  in  the  curve,  and  PSP'  is  a  focal 
chord. 

By  giving  E  a  series  of  positions  on  the  directrix  we 
shall  obtain  a  series  of  focal  chords,  and  we  can  also,  as  in 
Art.  (1),  find  other  points  of  the  curve  lying  in  the  lines 
KP,  KF',  or  in  these  lines  produced. 

We  can  thus  find  any  number  of  points  in  the  curve. 

4—2 
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ot).     Def.     The  distance  AA'  is  the  major  axis. 


The  middle  point  C  of  A  A'  is  called  the  centre  of  the 
ellipse. 

If  through  G  the  double  ordinate  BGB'  be  drawn,  BB'  is 
called  the  minor  axis. 

Any  straight  line  drawn  through  the  centre,  and  terminated 
by  the  curve,  is  called  a  diameter. 

The  Ivies  AG  A',  BGB'  are  called  the  principal  diameters, 
or,  briefly,  the  axes  of  the  curve. 

The  line  AG  A'  is  also  sometimes   called   the   transverse 
axis,  and  BGB'  the  conjugate  axis. 


57.  Prop.  I.  If  P  be  any  point  of  an  ellipse,  and  A  A' 
the  axis  major,  and  if  PA,  AP,  when  produced,  meet  the 
directrix  in  E  and  F,  the  distance  EF  subtends  a  right  angle 
at  the  focus. 


By  the  theorem  of  Art.  4,  ES  bisects  the  angle  ASP', 
and  FS  bisects  the  angle  ASP ; 

.-.  ESF  is  a  right  angle. 

It  will  be  seen  that,  since  ASA'  is  a  focal  chord,  this  is  a 
particular  case  of  the  theorem  of  Art.  6. 
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58.  Prop.  II.  If  PN  be  the  ordinate  of  any  point 
P  of  an  ellipse,  AG  A'  the  axis  major,  and  BOB'  the  axis 
minor, 

PX2  :  AN.NA'  ::  BO1  :  AO\ 


Join  PA,  A'P,  and  let  these  lines  produced  meet  the 
directrix  in  E  and  F. 

Then  PiY  :  AN  ::  EX  :  AX, 

and  PN  :  A'N  ::  FX  :  A'X; 

.-.  PY2  :  AY.i\^l'  ::  EX .  FX  :  4X.4'X 
::  £X2  :  AX\4'X, 

since  P#P  is  a  right  angle  (Prop.  I.);   that   is,  PiY2  is  to 
AN.  NA'  in  a  constant  ratio. 

Hence,  taking  PN  coincident  with  BG,  in  which  case 
AN=NA'  =  AC, 
BG2  :  AG2  ::  SX2  :  AX  .A'X, 
and  /.  PN  :  AN .  NA'  ::  BG2  :  AG2. 

This  may  be  also  written 

PN'  :  AC*-GNa  ::  7*C'2  :  46*. 

Cor.     If  PM  be  the  perpendicular  from  P  on  the  axis 
minor, 

GM  =  PN,  PM=GX, 
and  C'ilf2  :  AC2  -  PM2  ::  BC2  :  AG2. 

Hence       AG2  :  AC*-PM*  ::  PC'2  :  CM2, 
and  .-.  ^6'2  :  PM2  ::  PC'2  :  BG2  -  CM2, 

or  Pil/2  :  BM.MB  ::  AG2  :  PCn\ 
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59.  If  a  point  N'  be  taken  on  the  axis  major,  between 
G  and  A',  such  that  GN'  =  GN,  the  corresponding  ordinate 
P'N'  =  PJST,  and  therefore  it  follows  that  the  curve  is  sym- 
metrical with  regard  to  BCB',  and  that  there  is  another 
focus,  and  another  directrix,  corresponding  to  the  vertex  A'. 

60.  By  help  of  the  theorem  of  Art.  57,  we  can  give  an 
independent  proof  of  the  existence  of  the  other  focus  and 
directrix,  corresponding  to  the  vertex  A'. 

In  A  A'  produced  take  a  point  X'  such  that  A'X'  =  AX, 
and  in  A  A'  take  a  point  $'  such  that  A' 8'  =  AS. 

Through  X'  draw  a  straight  line  eX'f  perpendicular  to 
the  axis,  and  let  EP,  FP  produced  meet  this  line  in  e  and  f. 
Join  eS',  and  /£'. 


Then  eX'  :  EX  ::  AX'  :  AX 

A'X  :  A'X' 
FX    :fX'; 
.-.  eX' .  fX'  ■■=  EX  .  FX  =  SX*  =  S'X' 
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Hence  eS'f  is  a  right  angle. 

Through  P  draw  KPk  parallel  to  the  axis,  meeting  eS' 
and/>S"  produced  in  L  and  I. 

Then     PL  :  Pk  ::  S'A  :  AX'  ::  SA'  :  A'X, 

and  PI  :  Pk  ::  S'JL'  :  4'X'  ::  SA  :  yiAr, 

.-.  PL  =  Pl. 

Moreover,  Z$7  being  a  right  angle, 

S'P  =  PI, 

.:  S'P  :  Pk  ::  S'A'  :  A'X', 

and  the  curve  can  be  described  by  means  of  the  focus  S' 
and  the  directrix  eX'. 

If  SA  be  equal  to  AX,  the  point  A',  and  therefore  the  points  S'  and 
X',  will  be  at  an  infinite  distance  from  >S  and  A . 

Hence  a  parabola  is  the  limiting  form  of  an  ellipse,  the  axis  major 
of  which  is  indefinitely  increased  in  magnitude,  while  the  distance  SA 
remains  finite. 

61.  Prop.  III.  If  AC  A'  be  the  axis  major,  C  the  centre, 
S  one  of  the  foci,  and  X  the  foot  of  the  directrix, 

CS  :  GA  ::  CA  :  CX  ::  SA  :  AX, 

and  CS  :  CX  ::  CS2  :  CA\ 


X 

A          S                C                    S'       A'          X 

For 

S'A  :  SA   ::  AX'  :  AX 
::  A'X  :  AX; 

.-.  SS'  :  SA   ::  AA'  :  AX, 

or 

CS  :  (M   ::  SA     :  4X. 

Again, 

&i'  :  SA    ::  AX'  :  AX; 
.-.  44'  :  SA  ::  IJ':  4X, 

or 

64   :  CX  ::  £4     :  AX: 
:.  CS  :  GA  ::  CA     :  CX, 

or 

CS  .CX  =  CA1. 

Also 

CS  :  CX  ::  C£2  :  OS .  CX 
::  CW2  ;  CA2. 
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62.  Prop.  IV.     If  S  be  a  focus,  and  B  an  extremity  of 
the  axis  minor, 

SB  =  AG  and  BG-  =  AS  .  SA'. 
For,  joining  SB  in  the  figure  of  Art.  58, 
SB  :  GX  ::  SA  :  AX 
::  GA   :   CX, 
by  the  previous  Article, 

.-.  SB  =  GA. 

Also  BG"  =  £B»  -  £tf2  =  4  6'2  -  £C'2 

=  AS .  #4'. 

63.  Prop.  V.     The  semi-latus   rectum  SR   is   a   third 
proportional  to  AG  and  BG. 

For,  Prop.  II., 


SB"   :  AS.  SA'  : 

.-.  SR2  :  BG2  : 
or  SR  :  BG  : 

Cor.     Since         SR  :  SX  : 


BC*  :  4tf2; 

BG2  :  AG2, 
BG  :  AC. 


SA   :  AX 
SG  :  AG, 

it  follows  that     SX  .  SC  =  SR  .  AG  =  BO  ; 
and  hence  also,  since  SG .  GX  =  AC2,  that 
SX  :  GX  ::  i?02  :  4(72. 

64.     Prop.  VI.     The  sum  of  the  focal  distances  of  any 
point  is  equal  to  the  axis  major. 

Let  PX  be  the  ordinate  of  a  point  P  (Fig.  Art,  60),  then 

S'P  :  SP  ::  NX'  :  NX; 


or 


'.S'P  +  SP  :  £P 
S'P  +  SP  :  XX' 


:  XX'  :  XX, 

:  SP    :  XX 
:  SA    :  4X 
:  44'  :  XX; 
■,S'P  +  SP  =  AA'. 
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Cor.     Since       SP  :  NX  ::  >S'^i  :  AX 

::  AG  :  CX; 

.-.  AG  :  SP   ::   GX  :  iOT, 

AG-8P  :  /ST  ::  Gtf  :  j^X, 

and  AG-SP  :  C'zV  ::  &4    :  AX. 

Also,  ^C'-#P=>S"P-;1G'; 

.-.  S'P-AG  :  CN  ::  &4   :  4X. 
Hence,         S'P-SP  :  2CT  ::  &4   :  4X. 


Mechanical  Construction  of  the  Ellipse. 

65.  Fasten  the  ends  of  a  piece  of  thread  to  two  pins 
fixed  on  a  board,  and  trace  a  curve  on  the  board  with  a 
pencil  pressed  against  the  thread  so  as  to  keep  it  stretched ; 
the  carve  traced  out  will  be  an  ellipse,  having  its  foci  at  the 
points  where  the  pins  are  fixed,  and  having  its  major  axis 
equal  to  the  length  of  the  thread. 

66.  Prop.  VII.  The  sum  of  the  distances  of  a  point 
from  the  foci  of  an  ellipse  is  greater  or  less  than  the  major 
axis  according  as  the  point  is  outside  or  inside  the  ellipse. 

If  the  point  be  without  the  ellipse,  join  SQ,  S'Q,  and 
take  a  point  P  on  the  intercepted  arc  of  the  curve. 

Then  P  is  within  the  triangle  SQS'  and  therefore,  join- 
ing  SP,  S'P, 

SQ  +  S'Q  >  SP  +  S'P,  Euclid  i.  21 , 

i.e.  SQ  +  S'Q  >  AA'. 

If  Q'  be  within  the  ellipse,  let 
SQ',  S'Q'  produced  meet  the  curve 
and  take  a  point  P  on  the  inter- 
cepted arc. 

Then  Q'  is  within  the  triangle 
SPS',  and 

.-.  SP  +  S'P>SQ'  +  S'Q', 
ie.  SQ'  +  S'Q'  <AA'. 
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67.     Def.     The   circle   described   on   the   axis  major  as 
diameter  is  called  the  auxiliary  circle. 

Prop.  VIII.     If  the  ordinate  NP  of  an  ellipse  he  pro- 
duced to  meet  the  auxiliary  circle  in  Q, 

PN  :  QN  ::  BG  :  AG. 

For  (Art.  58) 

PN*  :  AN  .  NA  ::  BG2  :  AG2, 
and,  by  a  property  of  the  circle, 

QN2  =  AN.NA'; 


Q 

yS 

P^-^- 

B                   \ 

C           1                  i 

/Q' 

At     i 

*    \ 

£'               / 

-1' 


.-.PIT  :  QiV  ::  BG  :  4(7. 

Cor.     Similarly,  if  PM,  the  perpendicular  on  BB',  meet 
in  Q'  the  circle  described  on  BB'  as  diameter, 

PM  :  Q'ilf  ::  AG  :  5(7. 

For  PM2  :  BM .  MB'  ::  AG2  :  BG2, 

and  OT  .  JO'  =  Q'M\ 
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Properties  of  the  Tangent  and  Normal. 

68.  Prop.  IX.  The  normal  at  any  point  bisects  the 
angle  between  the  focal  distances  of  that  point,  and  the 
tangent  is  equally  inclined  to  the  focal  distances. 

Let  the  normal  at  P  meet  the  axis  in  G ;  then  (Art.  18) 
SG  :  SP  ::  SA  :  AX, 
and  S'G  :  S'P  ::  SA  :  AX. 


Hence  SG  :  S'G  ::  SP  :  S'P, 

and  therefore  the  angle  SPS'  is  bisected  by  PG. 

Also  FPF'  being  the  tangent,  and  GPF,  GPF'  being 
right  angles,  it  follows  that  the  angles  SPF,  S'PF'  are  equal, 
or  that  the  tangent  is  equally  inclined  to  the  focal  distances. 

Hence  if  S'P  be  produced  to  L,  the  tangent  bisects  the 
angle  SPL. 

Cor.  If  a  circle  be  described  about  the  triangle  SPS' , 
its  centre  will  lie  in  BOB',  which  bisects  SS'  at  right  angles ; 
and  since  the  angles  SPG,  S'PG  are  equal,  and  equal  angles 
stand  upon  equal  arcs,  the  point  g,  in  which  PG  produced 
meets  the  minor  axis,  is  a  point  in  the  circle. 

Also,  if  the  tangent  meet  the  minor  axis  in  t,  the  point  t 
is  on  the  same  circle,  since  gPt  is  a  right  angle. 
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Hence,  Any  'point  P  of  an  ellipse,  the  two  foci,  and  the 
points  of  intersection  of  the  tangent  and  normal  at  P  with  the 
minor  axis  are  coney  die. 

69.  Prop.  X.  Every  diameter  is  bisected  at  the  centre, 
and  the  tangents  at  the  ends  of  a  diameter  are  parallel. 

Let  PGp  be  a  diameter,  PN,  pn  the  ordinates  of  P 
and  p. 


Then  CN2  :  On2  ::  PN2  :  pn2 

::  AG- -ON2  :  AG2-  Cri1  (Art.  58); 
.-.  GN2  :  AC2  ::  Gn2  :  AC2. 
Hence  CiV=  On  and  .-.  GP  =  Cp. 

Draw  the  focal  distances ;  then,  since  Pp  and  S8'  bisect 
each  other  in  G,  the  figure  SPS'p  is  a  parallelogram,  and  the 
angle  • 

SPS'  =  SpS'. 

But  the  tangents  PT,  pt  are  equally  inclined  to  the  focal 
distances ; 

.-.  the  angle  SPT=S'pt, 

and,  adding  the  equal  angles  GPS,  GpS' , 

CPT=Gpt; 

.'.  PT  and  pt  are  parallel. 

Cor.  Since  Sp  and  S'p  are  equally  inclined  to  the 
tangent  at  p,  it  follows  that  SP  and  Sp  make  equal  angles 
with  the  tangents  at  P  and  p. 
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70.  Prop.  XI.  The  perpendiculars  from  the  foci  on 
any  tangent  meet  the  tangent  on  the  auxiliary  circle,  and 
the  semi-minor  axis  is  a  mean  proportional  between  their 
lengths. 

Let  SY,  S'Y'  be  the  perpendiculars;  join  S'P,  and  let 
SY,  S'P  produced  meet  in  L. 


E' 


The  angles  SPY,  YPL  being  equal,  and  PY  being 
common,  the  triangles  SPY,  YPL  are  equal  in  all  respects; 

.'.PL  =  SP,SY=YL, 

and  S'L  =  S'P  +  PL  =  S'P  +  SP  =  AA'. 

Join    CY,    then    G  being  the   middle  point  of  SS ,  and   Y 
of  SL,  GY  is  parallel  to  S'L, 

and  .-.  S'L  =  2CY. 

Hence  GY=  AC,  and  Y  is  a  point  on  the  auxiliary  circle. 

Similarly  by  producing  SP,  S'Y'  it  may  be  shewn  that 
Y'  is  also  on  the  auxiliary  circle. 

Let  YS  produced  meet  the  circle  in  Z,  and  join  Y'Z; 
then  Y'YZ  being  a  right  angle,  Y'Z  is  a  diameter  and 
passes  through  C. 

Hence  the  triangles  SGZ,  S'GY'  are  equal,  and 
SY.S'Y'  =  SY.SZ  =  AS.SA'  =  BG\ 
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Cor.  (1).  If  P'  be  the  other  extremity  of  the  diameter 
through  P,  the  tangent  at  P'  is  parallel  to  PY,  and  there- 
fore Z  is  the  foot  of  the  perpendicular  from  S  on  the  tangent 
atP'. 


E' 


Cor.  (2).  If  the  diameter  BCD',  drawn  parallel  to  the 
tangent  at  P,  meet  SP,  S'P  in  E  and  E',  PEGY'  is  a 
parallelogram,  for  GY'  is  parallel  to  SP,  and  CE  to  PY' ; 

.-.  PE  =  GY'  =  AG;  and  similarly  PE'  =  GY  =  AG. 

Cor.  (3).  Any  diameter  parallel  to  the  focal  distance  of 
a  point  meets  the  tangent  at  the  point  on  the  auxiliary 
circle.  ' 

71.  Prop.  XII.  To  draw  tangents  from  a  given  point  to 
an  ellipse. 

For  this  purpose  we  may  employ  the  general  construc- 
tion of  Art.  (17),  or  the  following. 

Let  Q  be  the  given  point ;  upon  SQ  as  diameter  describe 
a  circle  cutting  the  auxiliary  circle  in  Y  and  Y' ;  YQ  and 
Y'Q  will  be  the  required  tangents. 

Producing  SY  to  L  so  that  YL  =  SY,  join  S'L  cutting 
the  line  YQ  in  P. 

The    triangles    SPY,   LPY  are    equal    in    all    respects, 
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since  SY=  YL  and  PY  is  common   and    perpendicular  to 
SL; 

.:  SP  =  PL,  and  S'L  =  S'P  +  PL  =  S'P  +  SP  ; 

but,  joining  GY,  S'L  =  2GY=  2AG ; 

.-.  SP  +  S'P  =  2AG, 

and  P  is  therefore  a  point  on  the  ellipse. 


Also  the  angle  SPY=  YPL, 

and  .*.  QP  is  the  tangent  at  P. 

A  similar  construction  will  give  the  point  of  contact  of 
the  other  tangent  QP'. 

Referring  to  Art.  35  it  will  be  seen  that  the  construction  is  the 
same  as  that  given  for  the  parabola,  the  ultimate  form  of  the  circle 
being,  for  the  parabola,  the  tangent  at  the  vertex. 

72.  Prop.  XIII.  If  two  tangents  be  drawn  to  an  ellipse 
from  an  external  point,  they  are  equally  inclined  to  the  focal 
distances  of  that  point. 

Let  QP,  QP'  be  the  tangents, 
SY,  ST,  SZ,  S'Z'  the  perpen- 
diculars from  the  foci  on  the  tan- 
gents ;  join  YZ,  Y'Z'. 

Then  (Art,  70) 

SY.S'Y'  =  SZ.S'Z'i 
:.  SY  :  SZ  ::  S'Z'  :  S'Y'. 
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The  points  S,  Y,  Q,  Z  being  concyclic,  the  angles  YSZ, 
YQZ  are  supplementary;  and  similarly,  Z'S'Y',  Z'QY'  are 
supplementary. 

Therefore  the  angle  YSZ  =  Z'S'Y'  and  the  triangles 
YSZ,  Z'S'Y'  are  similar. 

Therefore  the  angle  SQP  =  SZY  =  S'Y'Z'  =  S'QP'. 

73.  Def.  Ellipses  which  have  the  same  foci  are  called  confocal 
ellipses. 

If  Q  be  a  point  in  a  confocal  ellipse  the  normal  at  Q  bisects  the 
angle  SQS'  and  therefore  bisects  the  angle  PQP'. 

Hence,  If  from  any  point  of  an  ellipse  tangents  are  drawn  to  a 
confocal  ellipse,  these  tangents  are  equally  inclined  to  the  normal  at  the 
point. 

By  reference  to  the  remark  of  Art.  41,  it  will  be  seen 
that  this  theorem  includes  that  of  Art.  41  as  a  particular 
case. 

74.  Prop.  XIV.  If  PT  the  tangent  at  P  meet  the  axis 
major  in  T,  and  PN  be  the  ordinate, 

GN.GT=AG\ 


A  S  N 


Draw  the  focal  distances  SP,  S'P,  and   the   perpendicular 
SY  on  the  tangent,  and  join  NY,  GY. 

Then,  as  in  Art.  70,  GY  is  parallel  to  S'P ;  therefore  the 
angle 

CYP=S'Pt  =  SPY 

=  SNY, 
since  S,  Y,  P,  N  are  concyclic. 

Hence  GYT=GNY, 

and  the  triangles  GYT,  CNY  are  equiangular. 
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Therefore  GN  :  GY  ::  GY  :  GT 

or  CN .  CT  =  CY2  =  AC2. 

Cor.  (1).     GN .  NT  =  ON .  GT  -  GN2  =  AG2  -  GN2 
=  AN .  NA\ 

Cor.  (2).  Hence  it  follows  that  tangents  at  the  extre- 
mities of  a  common  ordinate  of  an  ellipse  and  its  auxiliary 
circle  meet  the  axis  in  the  same  point. 

For,  if  NP  produced  meet  the  auxiliary  circle  in  Q,  and 
the  tangent  at  Q  meet  the  axis  in  T ', 

CN.CT'  =  GQ2  =  AC2, 

therefore  T'  coincides  with  T. 

And  more  generally  it  is  evident  that,  If  any  number  of 
ellipses  be  described  having  the  same  major  axis,  and  an  ordi- 
nate be  drawn  cutting  tlie  ellipses,  the  tangents  at  the  points  of 
section  will  all  meet  the  common  axis  in  the  same  point. 

75.  Prop.  XV.  If  the  tangent  at  P  meet  the  axis  minor 
in  t,  and  PN  be  the  ordinate, 

Gt.PN  =BC\ 
For,         Ct  :  PN  ::  GT  :  NT  (Fig.  Art.  74), 
.-.  Gt.PN  :  PN2  ::  CT .  GN  :  GN .  NT 

::  AG2  :  AN .  NA'  (Cor.  1,  Art.  74), 
::  BC2  :  PN2. 
:.  Gt.PN  =  BC\ 

76.  Prop.  XVI.  If  the  tangent  and  normal  at  P  meet 
the  axis  major  in  T  and  G, 

CG.CT=SC2. 

The  triangles  GGg,  GTt,  in  the  figure  of  the  next  article, 
being  similar, 

GG  :  Gg  ::  Gt  :  GT, 

:.  GG.CT=Cg.Gt. 

But,  since  t,  8,  g,  S'  are  concyclic  (Cor.  Art.  68), 

Gg.  Ct  =  8C.C8'  =  SG2; 

.:  CG.CT  =  SC2. 

B.  c.  s.  5 


6G 
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Cor.     Since  CN .  CT  =  A  G2,  and  PN .  Gt  =  BG\ 
CG  :  CN  ::  ,%'2  :  AG2 
and  Cg  :  PN  ::  SC2  :  BG2. 

We  hence  see  that 

NG  :  GN  ::  BG2  :  AG2. 

77.  Prop.  XVII.  //"^e  normal  at  P  meet  the  axes  in  G 
and  g,  and  the  diameter  parallel  to  the  tangent  at  P  in  F, 

PF.PG  =  BG2,  and  PF .  Pg  =  AG\ 

Let  PN,  PM,  perpendiculars  on  the  axes,  meet  the 
diameter  in  K  and  L,  and  let  the  tangent  at  P  meet  the  axes 
in  T  and  t. 


Then,  since  G,  F,  K,  N  are  concyclic, 

PF.PG  =  PN .  PR  =  PN.  Gt  =  BG2. 

Similarly,  since  L,  M,  F,  g  are  concyclic, 

PF.  Pg  =  PM.  PL  =  CN.  GT=AG2. 

Cor.     If  SP,  S'P  meet  the  diameter  DCD'  parallel  to  the 
tangent  at  P  in  E  and  E' , 

PE  =  AG  (Cor.  2,  Art.  70); 

.-.  PF.  Pg  =  PE2  =  PE"\ 

and  hence  it  follows  that  the  angles  PEg,  PE'g  are  right 
angles. 
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78.  Prop.  XVIII.  If  PCp  be  a  diameter,  QVQ'  a  chord 
parallel  to  the  tangent  at  P  and  meeting  Pp  in  V,  and  if  the 
tangent  at  Q  meet  pP  produced  in  T, 

CV.CT=CP\ 


Let  TQ  meet  the  tangents  at  P  and  p  in  R  and  r,  and  S 
being  a  focus,  join  SP,  SQ,  Sp. 

Let  fall  perpendiculars  PAr,  RM,  rn,  rtn  upon  these  focal 
distances ; 

then,  since  the  angle  SPR  =  Spr  (Cor.  Ai^t.  69), 
RP  :  rp  ::  Rtf  :  m 

::  RM  :  rm  (Cor.  Art.  15), 
::  RQ  :  rQ; 
::  PV  :   Vp. 

Hence  TP  :  Tp  ::  PV ",:   7p, 

or  6T-  OP  :  CT+  CP  ::  CP  -  OF  :  CP  +  CF; 

.-.  CT  :  CP  ::  GP  :  OF, 

or  CT.CV=CP\ 

Cor.  1.     Hence,  since  CV  and  OP  are  the  same  for  the 
point  Q',  the  tangent  at  Q'  passes  through  T. 

Cor.   2.      Since    Tp  :  TP  ::  j?F  :  FP,   it   follows   that 
TPVp  is  harmonically  divided. 

It  will  be  seen  in  a  subsequent  chapter  that  this  is  a  par- 
ticular case  of  a  general  theorem. 

5—2 
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Properties  of  Conjugate  Diameters. 

79.  Prop.  XIX.  A  diameter  bisects  all  chords  parallel 
to  the  tangents  at  its  extremities. 

We  have  shewn  in  Art.  21,  that,  if  QQ'  be  a  chord  of  a 
conic,  TQ,  TQ'  the  tangents  at  Q,  Q',  and  EPE'  a  tangent 
parallel  to  QQ',  the  length  EE  is  bisected  at  P. 

Draw  the  diameter  PCp ;  the  tangent  epe  at  p  is  parallel 
to  EPE  (Art.  69),  and  is  therefore  parallel  to  QQ'. 


Hence  ep=pe',  and  P,  p  being  the  middle  points  of  the 
parallels  ee,  EE'  the  line  Pp  passes  through  T,  and  moreover 
bisects  QQf. 

Similarly,  if  any  other  chord  qq'  be  drawn  parallel  to  QQ' 
the  tangents  at  q  and  q'  will  meet  in  pP  produced,  and  qq 
will  be  bisected  by  p>P. 

Cor.  Hence,  if  QQ',  qq'  be  two  chords  parallel  to  the 
tangent  at  P,  the  chords  Qq,  Q'q  will  meet  in  GP  or  CP  pro- 
duced. 

80.  Def.  The  diameter  DCd,  drawn  parallel  to  the 
tangent  at  P,  is  said  to  be  conjugate  to  PCp. 

A  diameter  therefore  bisects  all  chords  parallel  to  its 
conjugate. 

Prop.  XX.  If  the  diameter  DCd  be  conjugate  to  PCp, 
then  will  PCp  be  conjugate  to  DCd. 

Let  the  chord  QVq  be  parallel  to  DCd,  and  therefore 
bisected  by  PC,  and  draw  the  diameter  qCR. 
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Join  QR  meeting  CD  in  U; 
then  RC  =  Cq,  and  Q  V  =  Vq  ; 
.-.  QR  is  parallel  to  CP. 

Also  QU  :  UR  ::  qC  :  CR, 
and  therefore     QU  —  UR. 

That  is,  CD  bisects  the  chords  parallel  to  PCp  ;  therefore 
PCp  is  conjugate  to  DCd. 

Def.  Chords  drawn  from  the  extremities  of  a  diameter  to 
any  point  of  the  ellipse  are  called  supplemental  chords. 

Thus  qQ,  RQ  aie  supplemental  chords,  and  hence  it 
appears  that  supplemental  chords  are  parallel  to  conjugate 
diameters. 

Def.  A  line  QV  drawn  from  a  point  Q  of  an  ellipse, 
parallel  to  the  tangent  at  P  and  terminated  by  the  diameter 
PCp,  is  called  an  ordinate  of  that  diameter,  and  QVq  is  the 
double  ordinate  if  QV  produced  meet  the  curve  in  q. 

81.  Any  diameter  is  a  mean  proportional  between  the 
transverse  axis  and  the  focal  chord  pa?'allel  to  the  diameter. 


From  Art.  70,  it  appears  that  if  CQT  parallel  to  #P  meet 
in  T  the  tangent  at  P, 

CT  =  AC. 

Draw  P V  parallel  to  the  tangent  at  Q ; 

then  CQ2  =  CV.  CT  =CV.  AC; 
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but  the  diameter  through  G  parallel    to    the  tangent  at  Q 
bisects  Pp  (Art.  80), 

sothatPp  =  2CF', 

.-.  Q,f  =  Pp.AA'. 

82.  Prop.  XXI.  If  PCp,  DCd  be  conjugate  diameters, 
and  QV  an  ordinate  of  Pp, 

QV1  :  PV.Vp  ::   CD*  :  CP2. 

Let  the  tangent  at  Q  (Fig.  Art.  80)  meet  CP,  CD  produced 
in  Tand  t,  and  draw  QU parallel  to  CP  and  meeting  CD  in 
U. 

Then  CF*=CV.CT, 

and  CDi  =  CU.Ct  =  QV.Ct; 

.  CD*  .  CT2  ..  qF    ^  .  cv    GT 

::   QF2  :   CV .  FT, 
and  G'F .  FT=  CF  .  6T-  G'F2  =  CP*-CV* 

=  PV  .  Vp, 
...  CD2  :  G'P2  ::  QF2  :  PF.  F/>. 

83.  Prop.  XXII.  If  AC  A',  BCB  be  a  pair  of  conju- 
gate diameters,  PCP',  DCD'  another  pair,  and  if  PN,  DM  be 
ordinates  of  AC  A',  , 

CN*  =  AM  .  MA',      CM2  =  AN  .  NA ', 
CM  :  PN    ::  AC  :  BC, 
and  DM  :   CN     ::  BC  :  AC. 


Let  the  tangents  at  P  and  D  meet  .AG' J/  in  T  and  £. 
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Then 

GN.  GT 

=  AC2 

=  GM 

.  Gt; 

hence 

GM  : 

GN  :: 

GT  : 
PT: 

PN 

GN  : 

Gt 

GD 
DM 
Mt, 

.*. 

GN2-- 

=  GM .  Mi 

=  AG 

l-CM*  =  AM.MA' 

and  similarly, 

GM2 

=  AN 

.NA' 

Also 

DM 

2  :  AM. 

MA'  : 

BC* 

:  AG\ 

;.  DM  : 

GN  : 

BG  : 

AC, 

and  simih 

urly 

GM  : 

PN  : 

^1C 

BG. 
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Cor.     We  have  shewn  in  the  course  of  the  proof  that 
GN2  +  CM2  =  AC2. 

By  similar  reasoning  it  appears  that  if  Pn,  Dm,  be  ordi- 
nates  of  BCB', 

Gn2  +  Cm2  =  BG2 ; 
.-.  PN2  +  DM2  =  BC2. 

It  should  be  noticed  that  these  relations  are  shewn  to 
be  true  when  AC  A ',  BGB'  are  any  conjugate  diameters, 
including  of  course  the  principal  axes. 

84.  Prop.  XXIII.  IfCP,  GD  be  conjugate  semi-diameters, 
and  AG,  BG  the  principal  semi-diameters, 

CP2+CD2  =  AG2+BG2. 
From  the  preceding  article, 

CN2  +  CM2  =  AG2, 
and  PN2  +  Di\P  =  BC2; 

also  AGB  being  in  this  case  a  right  angle, 

PN2  +  CN2  =  CP2, 
and  DM2  +  CM2  =  CD2, 

;.CP2  +  CD2  =  AC2  +  BC*. 
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85.  Def.  If  tJie  ordinate  NP  of  a  point,  when  produced, 
meets  the  auxiliary  circle  in  Q,  the  angle  ACQ  is  called  the 
eccentric  angle  of  the  point  P. 

Prop.  XXIV.  If  CP,  CD  be  conjugate  semi-diameters, 
the  difference  between  the  eccentric  angles  of  P  and  D  is  a 
rig/it  angle. 


From  Art.  67,  RM  :  DM  ::  AC  :  BC 

and,  from  Art.  83,  CN  :  DM  ::  AC  :  BC 

.-.  RM=  CN,  and  similarly,  QN  =  CM. 

.'.  The  triangles  QCN,  CRM  are  equal,  and  the  angles 
QGN,  RCM  are  complementary. 

.*.  QCR  is  a  right  angle. 

86.     Prop.  XXV.     If  the  normal  at  P  meet  the  principal 
axes  in  G  and  g, 

PG  :  CD  ::  BC  :  AC, 
and  Pg  :  CD  ::  AC  :  BC. 

For,  the  triangles  DCM,  PGN  being  similar, 
PG  :  CD  ::  PN  :  CM 
::  BC    :  AC. 
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So  also  Pgn  and  DGM  are  similar,  and 
Pg  :  GD  ::  Pn  :  DM 
::  AC  :  BG. 


Hence  it  follows  that 

PG.Pg  =  CD\ 

87.  Prop.  XXVI.  The  parallelogram  formed  by  the 
tangents  at  the  ends  of  conjugate  diameters  is  equal  to  the 
rectangle  contained  by  the  principal  axes. 

For,  taking  the  preceding  figure, 


PG  :  BG 
but  PG  :  BG 

:.  GD  :  AG 
and  CD.PF  =  AC.BG 

whence  the  theorem  stated. 


CD  :  AC: 

BG  :  Pi7  (Art.  77), 

BG  :  PF, 


88.     Prop.  XXVII.     If  SP,  S'P  be  the  focal  distances  of 
P,  and  CD  be  conjugate  to  CP, 

SP.S'P  =  CD*, 

and    SY  :  SP  ::  BG  :  GD. 

Let  CD  meet  SP,  S'P  in  E 
and  E,  and  the  normal  at  P  in 
P;  then  /SfPF,  P#P,  and  flfTF 
are  similar  triangles ; 
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.-.  SP  :  SY  ::  PE  :  PF, 
and  S'P  :  S'Y'  ::  PE  :  PF; 

.'.  SP.S'P  :  SY.S'T  ::  P#2  :  PP2 
::  JLC2  :  PF2 
::  CD2  :  J3C*  (Art.  87); 
.-.  SP .  >S"P  =  CZ>2. 
Also         SY  :  SP  ::  PF  :  PE  ::  PP  :  AG, 
.-.  #7  :  SP  ::  BG  :   GD. 

89.     Prop.   XXVIII.     If  the  tangent  at  P  meet  a  pair  of 
conjugate  diameters  in  T  and  T,  and  GD  be  conjugate  to  GP, 

PT.PT'  =  GD\ 
From  the  figure 

PT  :  PN  ::  GD  :  DM; 


and,  if  TP  produced  meet  GB  in  T, 

PT   :  CT  : :  GD  :  CfJJr ; 
:.PT.PT  :  PN.GN  ::  CD2  :  DM.  CM. 
But  PiV .  OT  =  Di¥ .  Cif  (Art.  83), 

;.PT.PT  =  CD\ 

Cor.  Let  TQU  be  the  tangent  at  the  other  end  of  the  chord  PXQ, 
meeting  CB'  produced  in  U ;  and  let  CEbe  the  semi-diameter  parallel 
to  TQ. 


Then 


TP  :  TQ 


PT  :  QU} 

PT.  PT  ■  QT.QU 

cm  :  CE\ 


that  is,  the  two  tangents  drawn  from  any  point  are  in  the  ratio  of  the 
parallel  diameters. 


THE    ELLIPSE. 


Z 


In  a  similar  manner  it  can  be  shewn  that,  if  the  tangent  at  V  meet 
the  tangents  at  the  ends  of  a  diameter  AC  A'  in  ^and  T', 

PT.  PT  =  CD2, 

CD  being  conjugate  to  CP, 

and  AT.A'T'=CB\ 

CB  being  conjugate  to  A  CA '. 

90.     Equi-conjugate  diameters. 

Prop.  XXIX.     The  diagonals  of  the  rectangle  formed  by 
the  principal  axes  are  equal  and  conjugate  diameters. 

For,  joining  AB,  A'B,  these  lines 
are  parallel  to  the  diagonals  CF, 
(JE;  and,  AB,  A'B  being  supple- 
mental chords,  it  follows  that  CD, 
CP  are  conjugate  to  each  other. 
Moreover,  they  are  equally  inclined  jr 
to  the  axes,  and  are  therefore  of 
equal  length. 

Cor.  1.     If  QV,  QU  be  drawn  parallel  to  the  equi-con- 
jugate diameters,  meeting  them  in  Fand  U, 

QV°  :  CP*-CV*  ::  CD2  :  CP2 ; 

.-.  QV2  =  CP2-CV2  =  PV.  VP', 

if  P'  be  the  other  end  of  the  diameter  PGP'. 

Hence  QV2  +  QU2=CP\ 

Cor.  2.  CP2  +  CD1  =  AG*  +  BG2  (Art,  84)  ; 

.-.  2GP2  =  AC2  +  BG2. 


/\    y<P 

1  / 
/ 

T7\ 

91.     Prop.  XXX.     Pairs  of  tangents  at  right  angles  to 
each  other  intersect  on  a  fixed  circle. 

The  two  tangents  being  TP,  TP ',  let  ti' P  produced  meet 
SY  the  perpendicular  on  IP  in  K. 

Then  the  angle  PTK  =  STP  =  S'TP' ; 
.'.  S'TK  is  a  right  angle. 
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Hence         4>A  C*  =  S'K*  =  ST  +  TIP 

=st+st2 

=  2CT2  +  2CS*  (Euclid,  II.  12  and  13); 
/.  CT  =  AC2  +  BC°; 
and  T  lies  on  a  fixed  circle,  of  which  C  is  the  centre. 


This  circle  is  called  the  Director  Circle  of  the  Ellipse,  and 
it  will  be  seen  that  when  the  ellipse,  by  the  elongation  of  SC 
from  S  is  transformed  into  a  parabola,  the  director  circle 
merges  into  the  directrix  of  the  parabola. 

Cor.  If  XQ  is  the  tangent  to  the  director  circle  from 
the  foot  of  the  directrix, 

XQ2=  CX2  -  CQ*  =  G'X2  -  CA°-  -  CB* 

=  CX*-  SC .  CX  -  SC .  SX  (Arts.  61  and  63), 

=  CX.SX-SC.SX  =  SX2. 
.:  XQ  =  SX, 

and  hence  it  follows  that  the  directrix  is  the  radical  axis  of 
the  director  circle  and  of  a  point  circle  at  the  focus. 

92.  Prop.  XXXI.  The  rectangles  contained  by  the 
segments  of  any  two  chords  which  intersect  each  other  are  in 
the  ratio  of  tJte  squares  of  the  parallel  diameters. 

Through  any  point  0  in  a  chord  OQQ'  draw  the  diameter 
ORR',  and  let  CD  be  parallel  to  QQ',  and  CP  conjugate  to 
CD,  bisecting  QQ'  in  V. 

Draw  R  IT  parallel  to  CD. 
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Then     GD2-RU2  :  CU* 


But 


RU2  :  GU2 


CD2  :  CP2  (Art.  82), 
CD*-QV*  :  GV2. 

OV2  :  GV2; 


:.  CD*  :  GU2  ::  C'i)2  + OF2- Q72  :  G'F2 


or  CD2  :  C^  +  OF'-QF"  ::  GU2  :  CF2 

::  GR2  :  CO2; 
.'.CD2  :  OV2-QV2  ::  CE2  :  C02-CR2, 
or  CD2  :  OQ.OQ'  ::  C£2  :  OR. OR'. 

Similarly,  if  Oqq'  be  any  other  chord  through  0,  and  Cc£ 
the  parallel  semi-diameter, 

Cd2  :  Otf.O?'  ::  CR2  :  OR.  OR'; 

.'.  OQ.OQ'  :  Og.(V  ::  CD2  :  Cd2. 

This  may  otherwise  be  expressed  thus, 

The  ratio  of  the  rectangles  of  the  segments  depends  only  on 
the  directions  in  which  they  are  drawn. 

The  proof  is  the  same  if  the  point  0  be  within  the 
ellipse. 

93.  Prop.  XXXII.  If  a  circle  intersect  an  ellipse  in 
four  points,  the  several  pairs  of  the  chords  of  intersection  are 
equally  inclined  to  the  axes. 

For  if  QQ',  qq'  be  a  pair  of  the  chords  of  intersection,  and 
if  these  meet  in  0,  or  be  produced  to  meet  in  0,  the  rect- 
angles OQ .  OQ',  Oq  .  Oq'  are  proportional  to  the  squares  on 
the  parallel  diameters. 
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But  these  rectangles  are  equal  since  QQ',  qq  are  chords 
of  a  circle. 

Therefore  the  parallel  diameters  are  equal,  and,  since 
equal  diameters  are  equally  inclined  to  the  axes,  it  follows 
that  the  chords  QQ' ,  qq'  are  equally  inclined  to  the  axes. 

Conversely,  if  two  chords,  not  parallel,  be  equally  in- 
clined to  the  axes  a  circle  can  be  drawn  through  their 
extremities. 

For,  as  in  Art.  92,  if  OQQ',  Oqq'  be  two  chords,  and  CD, 
Cd  the  parallel  semi-diameters, 

OQ.OQ'  :  Oq.Oq    ::  CD*  :  Cd* ; 

but,  if  CD  and  Cd  be  equally  inclined  to  the  axes,  they  are 
equal,  and 

.;0Q.0Q'=Oq.  0q\ 

and  the  points  Q,  Q',  q,  q   are  concyclic. 


EXAMPLES. 

1.  If  the  tangent  at  B  meet  the  latus  rectum  produced  in  D,  CDX 
is  a  right  angle. 

2.  If  PCp  be  a  diameter,  and  the  focal  distance  pS  produced  meet 
the  tangent  at  P  in  T,  SP=ST. 

3.  If  the  normal  at  P  meet  the  axis  minor  in  6"  and  G'JV  be  the 
perpendicular  from  G'  on  SP,  then  PN=AC. 

4.  The  tangent  at  P  bisects  any  straight  line  perpendicular  to  A  A' 
and  terminated  by  AP,  A'P,  produced  if  necessary. 

5.  Draw  a  tangent  to  an  ellipse  parallel  to  a  given  line. 

6.  SR  being  the  semi-latus  rectum,  if  RA  meet  the  directrix  in  E, 
and  SE  meet  the  tangent  at  A  in  T, 

AT=AS. 

7.  Prove  that  SV  :  SP  ::  S R  :  PG. 
Find  where  the  angle  SP>S'  is  greatest. 

8.  If  two  points  E  and  E  be  taken  in  the  normal  PG  such  that 
PE=  PE  =  CD,  the  loci  of  E  and  E'  are  circles. 
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9.  If  from  the  focus  S'  a  line  be  drawn  parallel  to  SP,  it  will  meet 
the  perpendicular  SV  in  the  circumference  of  a  circle. 

10.  If  the  normal  at  P  meet  the  axis  major  in  G,  prove  that  PG  is 
an  harmonic  mean  between  the  perpendiculars  from  the  foci  on  the 
tangent  at  P. 

11.  The  straight  line  XQ  is  drawn  parallel  to  AP  to  meet  CP  in 
Q  ;  prove  that  A  Q  is  parallel  to  the  tangent  at  P. 

12.  The  locus  of  the  intersection  with  the  ordinate  of  the  perpen- 
dicular from  the  centre  on  the  tangent  is  an  ellipse. 

13.  If  a  rectangle  circumscribes  an  ellipse,  its  diagonals  are  the 
directions  of  conjugate  diameters. 

14.  If  tangents  IP,  TQ  be  drawn  at  the  extremities,  P,  Q  of  any 
focal  chord  of  an  ellipse,  prove  that  the  angle  PTQ  is  half  the  supple- 
ment of  the  angle  which  PQ  subtends  at  the  other  focus. 

15.  If  Y,  Z  be  the  feet  of  the  perpendiculars  from  the  foci  on  the 
tangent  at  P  ;  prove  that  Y,  X,  Z,  C  are  coney clic. 

16.  If  AQ  be  drawn  from  one  of  the  vertices  perpendicular  to  the 
tangent  at  any  point  P,  prove  that  the  locus  of  the  point  of  intersection 
of  PS  and  QA  produced  will  be  a  circle. 

17.  The  straight  lines  joining  each  focus  to  the  foot  of  the  perpen- 
dicular from  the  other  focus  on  the  tangent  at  any  point  meet  on  the 
normal  at  the  point  and  bisect  it. 

18.  If  two  circles  touch  each  other  internally,  the  locus  of  the 
centres  of  circles  touching  both  is  an  ellipse  whose  foci  are  the  centres 
of  the  given  circles. 

19.  The  subnormal  at  any  point  P  is  a  third  proportional  to  the 
intercept  of  the  tangent  at  P  on  the  major  axis  and  half  the  minor  axis. 

20.  If  the  normal  at  P  meet  the  axis  major  in  G  and  the  axis  minor 
in  g,  Gg  :  Sg  ::  SA  :  AX,  and  if  the  tangent  meet  the  axis  minor  in  t, 

St  :tg::BC:  CD. 

21.  If  the  normal  at  a  point  P  meet  the  axis  in  G,  and  the  tangent 
at  P  meet  the  axis  in  T,  prove  that 

TQ  :  TP  ::  BC  :  PG, 

Q  being  the  point  where  the  ordinate  at  P  meets  the  auxiliary  circle. 

22.  If  the  tangent  at  any  point  P  meet  the  tangent  at  the  extre- 
mities of  the  axis  A  A'  in  i^and  F',  prove  that  the  rectangle  AF,  A'F' 
is  equal  to  the  square  on  the  semiaxis  minor. 

23.  TP,  TQ  are  tangents  ;  prove  that  a  circle  can  be  described 
with  T  as  centre  so  as  to  touch  SP,  HP,  SQ,  and  HQ,  or  these  lines 
produced,  S  and  H  being  the  foci. 


80  EXAMPLES. 

24.  If  two  equal  and  similar  ellipses  have  the  same  centre,  their 
points  of  intersection  are  at  the  extremities  of  diameters  at  right  angles 
to  one  another. 

25.  The  external  angle  between  any  two  tangents  to  an  ellipse  is 
equal  to  the  semi-sum  of  the  angles  which  the  chord  joining  the  points 
of  contact  subtends  at  the  foci. 

26.  The  tangent  at  any  point  P  meets  the  axes  in  T  and  t ;  if  S  be 
a  focus  the  angles  PSt,  SIP  are  equal. 

27.  A  conic  is  drawn  touching  an  ellipse  at  the  extremities  A,  B 
of  the  axes,  and  passing  through  the  centre  C  of  the  ellipse  ;  prove  that 
the  tangent  at  C  is  parallel  to  AB. 

28.  The  tangent  at  any  point  P  is  cut  by  any  two  conjugate 
diameters  in  T,  t,  and  the  points  T,  t  are  joined  with  the  foci  S,  H 
respectively;  prove  that  the  triangles  SPT,  HPt  are  similar  to  each 
other. 

29.  If  the  diameter  conjugate  to  CP  meet  SP,  and  HP  (or  these 
produced)  in  E  and  E',  prove  that  SE  is  equal  to  HE',  and  that  the 
circles  which  circumscribe  the  triangles  SCE,  HCE',  are  equal  to  one 
another. 

30.  PG  is  a  normal,  terminating  in  the  major  axis  ;  the  circle,  of 
which  PG  is  a  diameter,  cuts  SP,  HP,  in  K,  L,  respectively :  prove 
that  KIj  is  bisected  by  PG,  and  is  perpendicular  to  it. 

31.  Tangents  are  drawn  from  any  point  in  a  circle  through  the 
foci,  prove  that  the  lines  bisecting  the  angles  between  the  several  pairs 
of  tangents  all  pass  through  a  fixed  point. 

32.  If  a  quadrilateral  circumscribe  an  ellipse,  the  angles  subtended 
by  opposite  sides  at  one  of  the  foci  are  together  equal  to  two  right 
angles. 

33.  If  the  normal  at  P  meet  the  axis  minor  in  G,  and  if  the  tangent 
at  P  meet  the  tangent  at  the  vertex  A  in  V,  shew  that 

SG  :SC::PV:  VA. 

34.  P,  0  are  points  in  two  confocal  ellipses,  at  which  the  line 
joining  the  common  foci  subtends  equal  angles ;  prove  that  the  tangents 
at  P,  Q  are  inclined  at  an  angle  which  is  equal  to  the  angle  subtended 
by  PQ  at  either  focus. 

35.  The  transverse  axis  is  the  greatest  and  the  conjugate  axis  the 
least  of  all  the  diameters. 

36.  Prove  that  the  locus  of  the  centre  of  the  circle  inscribed  in  the 
triangle  SPS'  is  an  ellipse. 
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37.  If  the  tangent  and  ordinate  at  P  meet  the  transverse  axis  in  T 
and  N,  prove  that  any  circle  passing  through  X  and  T  will  cut  the 
auxiliary  circle  orthogonally. 

38.  If  SY,  S'  Y'  be  the  perpendiculars  from  the  foci  on  the  tangent 
at  a  point  /',  and  PX  the  ordinate,  prove  that 

PY:  PY'  ::  NY:  NT. 

39.  If  a  circle,  passing  through  F"and  Z,  touch  the  major  axis  in 
Q,  and  that  diameter  of  the  circle,  which  passes  through  Q,  meet  the 
tangent  in  P,  then  PQ=BC. 

40.  From  the  centre  of  two  concentric  circles  a  straight  line  is 
drawn  to  cut  them  in  P  and  Q  ;  from  P  and  Q  straight  lines  are  drawn 
parallel  to  two  given  lines  at  right  angles.  Shew  that  the  locus  of  their 
point  of  intersection  is  an  ellipse. 

41.  From  any  two  points  P,  (J  on  an  ellipse  four  lines  are  drawn 
to  the  foci  S,  S' :  prove  that  SP  .  S'Q  and  SQ .  S'P  are  to  one  another 
as  the  squares  of  the  perpendiculars  from  a  focus  on  the  tangents 
at  P  and  Q. 

42.  Two  conjugate  diameters  are  cut  by  the  tangent  at  any  point 
P  in  J/,  N  ;  prove  that  the  area  of  the  triangle  CPM  varies  inversely  as 
that  of  the  triangle  CPX. 

43.  If  P  be  any  point  on  the  curve,  and  A  V  be  drawn  parallel  to 
PC  to  meet  the  conjugate  CD  in  V,  prove  that  the  areas  of  the  triangles 
CA  F,  CPX  are  equal,  PX  being  the  ordinate. 

44.  Two  tangents  to  an  ellipse  intersect  at  right  angles  ;  prove 
that  the  sum  of  the  squares  on  the  chords  intercepted  on  them  by  the 
auxiliary  circle  is  constant. 

45.  Prove  that  the  distance  between  the  two  points  on  the  cir- 
cumference, at  which  a  given  chord,  not  passing  through  the  centre, 
subtends  the  greatest  and  least  angles,  is  equal  to  the  diameter  which 
bisects  that  chord. 

46.  The  tangent  at  P  intersects  a  fixed  tangent  in  T ;  if  H  is  the 
focus  and  a  line  be  drawn  through  ,S  perpendicular  to  ST,  meeting  the 
tangent  at  P  in  Q,  shew  that  the  locus  of  (J  is  a  straight  line  touching 
the  ellipse. 

47.  Shew  that,  if  the  distance  between  the  foci  be  greater  than  the 
length  of  the  axis  minor,  there  will  be  four  positions  of  the  tangent,  for 
which  the  area  of  the  triangle,  included  between  it  and  the  straight 
lines  drawn  from  the  centre  of  the  curve  to  the  feet  of  the  perpen- 
diculars from  the  foci  on  the  tangent,  will  be  the  greatest  possible. 

48.  Two  ellipses  whose  axes  are  equal,  each  to  each,  are  placed  in 
the  same  plane  with  their  centres  coincident,  and  axes  inclined  to  each 
other.     Draw  their  common  tangents. 

49.  An  ellipse  is  inscribed  in  a  triangle,  having  one  focus  at  the 
orthocentre ;  prove  that  the  centre  of  the  ellipse  is  the  centre  of  the 

B.  <J.  S.  (J 
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nine-point  circle  of  the  triangle  and  that  its  transverse  axis  is  equal  to 
the  radius  of  that  circle. 

50.  The  tangent  at  any  point  P  of  a  circle  meets  the  tangent  at  a 
fixed  point  A  in  T,  and  T  is  joined  with  B  the  extremity  of  the  diameter 
passing  through  A  ;  the  locus  of  the  point  of  intersection  of  AP,  BT  is 
an  ellipse. 

51.  The  ordinate  NP  at  a  point  P  meets,  when  produced,  the  circle 
on  the  major  axis  in  Q.  If  S  be  a  focus  of  the  ellipse,  prove  that 
SQ  :  SP  ::  the  axis  major  :  the  chord  of  the  circle  through  Q  and  S, 
and  that  the  diameter  of  the  ellipse  parallel  to  SP  is  equal  to  the  same 
chord. 

52.  If  the  perpendicular  from  the  centre  C  on  the  tangent  at  P 
meet  the  focal  distance  SP  produced  in  R,  the  locus  of  It  is  a  circle, 
the  diameter  of  which  is  equal  to  the  axis  major. 

53.  A  perfectly  elastic  billiard  ball  lies  on  an  elliptical  billiard 
table,  and  is  projected  in  any  direction  along  the  table :  shew  that  all 
the  lines  in  which  it  moves  after  each  successive  impact  touch  an 
ellipse  or  an  hyperbola  confocal  with  the  billiard  table. 

54.  Shew  that  a  circle  can  be  drawn  through  the  foci  and  the 
intersections  of  any  tangent  with  the  tangents  at  the  vertices. 

55.  If  CP,  CD  be  conjugate  semi-diameters,  and  a  rectangle  be 
described  so  as  to  have  PD  for  a  diagonal  and  its  sides  parallel  to  the 
axes,  the  other  angular  points  will  be  situated  on  two  fixed  straight 
lines  passing  through  the  centre  C. 

56.  If  the  tangent  at  P  meet  the  minor  axis  in  T,  prove  that  the 
areas  of  the  triangles  SPS',  STS'  are  in  the  ratio  of  the  squares  on  CD 
and  ST. 

57.  Find  the  locus  of  the  centre  of  the  circle  touching  the  trans- 
verse axis,  SP,  and  S'P  produced.  * 

58.  In  an  ellipse  SQ  and  S'Q,  drawn  perpendicularly  to  a  pair  of 
conjugate  diameters,  intersect  in  Q;  prove  that  the  locus  of  Q  is  a  con- 
centric ellipse. 

59.  If  the  ordinate  NP  meet  the  auxiliary  circle  in  Q,  the  perpen- 
dicular from  S  on  the  tangent  at  Q  is  equal  to  SP. 

60.  If  PT,  QT  be  tangents  at  corresponding  points  of  an  ellipse 
and  its  auxiliary  circle,  shew  that 

PT  :  QT  ::BC  :  PF. 

61.  If  CQ  be  conjugate  to  the  normal  at  P,  then  is  CP  conjugate 
to  the  normal  at  Q. 

62.  PQ  is  one  side  of  a  parallelogram  described  about  an  ellipse, 
having  its  sides  parallel  to  conjugate  diameters,  and  the  lines  joining 
P,  Q  to  the  foci  intersect  in  P,  E;  prove  that  the  points  D,  i?and  the 
foci  are  concyclic. 


EXAMPLES.  83 

63.  If  the  centre,  a  tangent,  and  the  transverse  axis  be  given, 
prove  that  the  directrices  pass  each  through  a  fixed  point. 

64.  The  straight  line  joining  the  feet  of  perpendiculars  from  the 
focus  on  two  tangents  is  at  right  angles  to  the  line  joining  the  intersec- 
tion of  the  tangents  with  the  other  focus. 

65.  A  circle  passes  through  a  focus,  has  its  centre  on  the  major 
axis  of  the  ellipse,  and  touches  the  ellipse :  shew  that  the  straight  line 
from  the  focus  to  the  point  of  contact  is  equal  to  the  latus  rectum. 

66.  Prove  that  the  perimeter  of  the  quadrilateral  formed  by  the 
tangent,  the  perpendiculars  from  the  foci,  and  the  transverse  axis,  will 
be  the  greatest  possible  when  the  focal  distances  of  the  point  of  contact 
are  at  right  angles  to  each  other. 

67.  Given  a  focus,  the  length  of  the  transverse  axis,  and  that  the 
second  focus  lies  on  a  straight  line,  prove  that  the  ellipse  will  touch 
two  fixed  parabolas  having  the  given  focus  for  focus. 

68.  Tangents  are  drawn  from  a  point  on  one  of  the  equiconjugatc 
diameters ;  prove  that  the  point,  the  centre,  and  the  two  points  of  con- 
tact are  concyclic. 

69.  If  PX  be  the  ordinate  of  P,  and  if  with  centre  C  and  radius 
equal  to  PX  a  circle  be  described  intersecting  PX  in  Q,  prove  that  the 
locus  of  Q  is  an  ellipse. 

TO.  If  A  QO  be  drawn  parallel  to  CP,  meeting  the  curve  in  Q  and 
the  minor  axis  in  0,  2CPi  =  A0  .  AQ. 

71.  PS  is  a  focal  distance;  CR  is  a  radius  of  the  auxiliary  circle 
parallel  to  PS,  and  drawn  in  the  direction  from  P  to  S;  SQ  is  a  per- 
pendicular on  CR :  shew  that  the  rectangle  contained  by  SP  and  QR  is 
equal  to  the  square  on  half  the  minor  axis. 

72.  If  a  focus  be  joined  with  the  point  where  the  tangent  at  the 
nearer  vertex  intersects  any  other  tangent,  and  perpendiculars  be 
let  fall  from  the  other  focus  on  the  joining  line  and  on  the  last- 
mentioned  tangent,  prove  that  the  distance  between  the  feet  of  these 
perpendiculars  is  equal  to  the  distance  from  either  focus  to  the  remoter 
vertex. 

73.  A  parallelogram  is  described  about  an  ellipse;  if  two  of  its 
angular  points  lie  on  the  directrices,  the  other  two  will  lie  on  the 
auxiliary  circle. 

74.  From  a  point  in  the  auxiliary  circle  straight  lines  are  drawn 
touching  the  ellipse  in  P  and  P' ;  prove  that  SP  is  parallel  to  S'P'. 

75.  Find  the  locus  of  the  points  of  contact  of  tangents  to  a  series 
of  confocal  ellipses  from  a  fixed  point'  in  the  axis  major. 

76.  A  series  of  confocal  ellipses  intersect  a  given  straight  line; 
prove  that  the  locus  of  the  points  of  intersection  of  the  pairs  of 
tangents  drawn  at  the  extremities  of  the  chords  of  intersection  is  ;i 
straight  line  at  right  angles  to  the  given  straight  line. 

0—2 
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77.  Given  a  focus  and  the  length  of  the  major  axis;  describe  an 
ellipse  touching  a  given  straight  line  and  passing  through  a  given 
point. 

78.  Given  a  focus  and  the  length  of  the  major  axis ;  describe  an 
ellipse  touching  two  given  straight  lines. 

79.  Find  the  positions  of  the  foci  and  directrices  of  an  ellipse 
which  touches  at  two  given  points  I',  Q,  two  given  straight  lines  PO, 
QO,  and  has  one  focus  on  the  line  PQ,  the  angle  POQ  being  less  than  a 
right  angle. 

80.  Through  any  point  P  of  an  ellipse  are  drawn  straight  lines 
APQ,  A'PR,  meeting  the  auxiliary  circle  in  Q,  R,  and  ordinates  Qq,  Rr 
are  drawn  to  the  transverse  axis ;  prove  that,  L  being  an  extremity  of 
the  latus  rectum, 

Aq.  A'r  :  Ar  .  A'q  ::  AC2  :  SL\ 

81.  If  a  tangent  at  a  point  P  meet  the  major  axis  in  T,  and  the 
perpendiculars  from  the  focus  and  centre  in  Y  and  Z,  then 

TY1  :  PY1  ::TZ:  PZ. 

82.  An  ellipse  slides  between  two  lines  at  right  angles  to  each 
other ;  find  the  locus  of  its  centre. 

83.  TP,  TQ  are  two  tangents,  and  CP',  CQ'  are  the  radii  from  the 
centre  respectively  parallel  to  these  tangents,  prove  that  P'Q'  is  parallel 
to  PQ. 

84.  The  tangent  at  P  meets  the  minor  axis  in  t. ;  prove  that 

St.  PN=BC .  CD. 

85.  If  the  circle,  centre  t,  and  radius  tS,  meet  the  ellipse  in  Q,  and 
QM  be  the  ordinate,  prove  that 

QM:  PJV  v.BC  :  BC+CD. 

86.  Perpendiculars  SY,  S'Y'  are  let  fall  from  the  foci  upon  a  pair 
of  tangents  TY,  TV;  prove  that  the  angles  STY,  S'TY'  are  equal  to 
the  angles  at  the  base  of  the  triangle  YCY'. 

87.  PQ  is  the  chord  of  an  ellipse  normal  at  P,  LCL'  the  diameter 
bisecting  it,  shew  that  PQ  bisects  the  angle  LPL'  and  that  LP+PL'  is 
constant. 

88.  ABC  is  an  isosceles  triangle  of  which  the  side  AB  is  equal  to 
the  side  AC.  BD,  BE  drawn  on  opposite  sides  of  BC  and  equally 
inclined  to  it  meet  AC  in  D  and  E.  If  an  ellipse  is  described  round 
BDE  having  its  axis  minor  parallel  to  BC,  then  AB  will  be  a  tangent  to 
the  ellipse. 

89.  If  A  be  the  extremity  of  the  major  axis  and  P  any  point  on 
the  curve,  the  bisectors  of  the  angles  PSA,  PS' A  meet  on  the  tangent 
at  P. 
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90.  If  two  ellipses  intersect  in  four  points,  the  diameters  parallel 
to  a  pair  of  the  chords  of  intersection  are  in  the  same  ratio  to  each 
other. 

91.  From  any  point  P  of  an  ellipse  a  straight  line  PQ  is  drawn 
perpendicular  to  the  focal  distance  SP,  and  meeting  in  Q  the  diameter 
conjugate  to  that  through  P ;  shew  that  PQ  varies  inversely  as  the 
ordinate  of  /'. 

92.  If  a  tangent  to  an  ellipse  intersect  at  right  angles  a  tangent  to 
a  confocal  ellipse,  the  point  of  intersection  lies  on  a  fixed  circle. 

93.  If  from  a  point  T  in  the  director  circle  of  an  ellipse  tangents 
TP,  TP  are  drawn,  the  line  joining  T  with  the  intersection  of  the 
normals  at  P  and  F  passes  through  C. 

9-i.  Through  the  middle  point  of  a  focal  chord  a  straight  line  is 
drawn  at  right  angles  to  it  to  meet  the  axis  in  R ;  prove  that  SR  bears 
to  »S't'the  duplicate  ratio  of  the  chord  to  the  diameter  parallel  to  it,  S 
being  the  focus  and  C  the  centre. 

95.  The  tangent  at  a  point  P  meets  the  auxiliary  circle  in  Q'  to 
which  corresponds  Q  on  the  ellipse ;  prove  that  the  tangent  at  Q  cuts 
the  auxiliary  circle  in  the  point  corresponding  to  P. 

96.  If  a  chord  be  drawn  to  a  series  of  concentric,  similar,  and 
similarly  situated  ellipses,  and  meet  one  in  P  and  Q,  and  if  on  PQ 
as  diameter  a  circle  he  described  meeting  that  ellipse  again  in  RS, 
shew  that  RS  is  constant  in  position  for  all  the  ellipses. 

97.  An  ellipse  touches  the  sides  of  a  triangle ;  prove  that  if  one  of 
its  foci  move  along  the  arc  of  a  circle  passing  through  two  of  the 
angular  points  of  the  triangle,  the  other  will  move  along  the  are  of  a 
circle  through  the  same  two  angular  points. 

98.  The  normal  at  a  point  P  of  an  ellipse  meets  the  conjugate 
axis  in  A',  and  a  circle  is  described  with  centre  K  and  passing  through 
the  foci  >S'  and  H.  The  lines  SQ,  ffQ,  drawn  through  any  point  Q  of 
this  circle,  meet  the  tangent  at  P  in  T  and  t ;  prove  that  T  and  t  lie 
on  a  pair  of  conjugate  diameters. 

99.  If  SP,  S'Q  be  parallel  focal  distances  drawn  towards  the  same- 
parts,  the  tangents  at  P  and  Q  intersect  on  the  auxiliary  circle. 

100.  Having  given  one  focus,  one  tangent  and  the  eccentricity  of 
an  ellipse,  prove  that  the  locus  of  the  other  focus  is  a  circle. 

101.  PSQ  is  a  focal  chord  of  an  ellipse,  and  pq  is  any  parallel 
chord  ;  if  PQ  meet  in  T  the  tangent  at  p, 

pq  :  PQ  ::  Sp  :  ST. 

102.  If  an  ellipse  be  inscribed  in  a  quadrilateral  so  that  one  focus 
is  equidistant  from  the  four  vertices,  the  other  focus  must  be  at  the 
intersection  of  the  diagonals. 
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103.  If  a  pair  of  conjugate  diameters  of  an  ellipse  be  produced  to 
meet  either  directrix,  prove  that  the  orthocentre  of  the  triangle  so 
formed  is  the  corresponding  focus  of  the  curve. 

104.  A  pair  of  conjugate  diameters  intercept,  on  the  tangent 
at  either  vertex,  a  length  which  subtends  supplementary  angles  at 
the  foci. 

105.  The  straight  lines  TP,  TQ  are  the  tangents  at  the  points 
P,  Q  of  an  ellipse ;  one  circle  touches  TP  at  P  and  meets  TQ  in  Q 
and  Q',  and  another  circle  touches  TQ  at  Q  and  meets  TP  in  P  and 
Pf ;  prove  that  PQ'  and  P'Q  are  parallel,  and  that  they  are  divided  in 
the  same  ratio  by  the  ellipse. 

106.  If  the  normals  at  P  and  D  meet  in  E,  prove  that  EC  is 
perpendicular  to  PD,  and  that  the  straight  line  joining  G  to  the 
centroid  of  the  triangle  EPD  bisects  the  line  joining  E  to  T,  the  point 
of  intersection  of  the  tangents  at  P  and  D. 

107.  A  chord  PQ,  normal  at  P,  meets  the  directrices  in  K  and  L, 
and  the  tangents  at  P  and  Q  meet  in  T ;  prove  that  PK  and  QL 
subtend  equal  angles  at  T,  and  that  KL  subtends  at  T  an  angle  which 
is  half  the  sum  of  the  angles  subtended  by  SS'  at  the  ends  of  the 
chord. 

108.  The  tangent  at  the  point  P  meets  the  directrices  in  E  and  F; 
prove  that  the  other  tangents  from  E  and  F  intersect  on  the  normal 
at  P. 

109.  If  the  tangent  at  any  point  meets  a  pair  of  conjugate 
diameters  in  T  and  T',  prove  that  TT'  subtends  supplementary  angles 
at  the  foci. 

110.  PSQ,  PS'Jt  are  focal  chords;  prove  that  the  tangent  at  P 
and  the  chord  QR  cut  the  major  axis  at  equal  distances  from  the 
centre. 


CHAPTER   IV. 

The  Hyperbola. 

definition. 

An  hyperbola  is  the  curve  traced  by  a  point  which  moves 
in  such  a  maimer,  that  its  distance  from  a  given  point  is  in  a 
constant  ratio  of  greater  inequality  to  its  distance  from  a, 
given  straight  line. 

Tracing  the  Curve. 

94.  Let  8  be  the  focus,  EX  the  directrix,  and  A  the 
vertex. 


/^ 


Then,  as  in  Art.  1,  any  number  of  points  on  the  curve 
may  be  obtained  by  taking  successive  positions  of  E  on  the 
directrix. 
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In  SX  produced,  find  a  point  A'  such  that 

SA'  :  A'X  ::  8A  :  AX, 

then  A'  is  the  other  vertex  as  in  the  ellipse,  and,  the 
eccentricity  being  greater  than  unity,  the  points  A  and  A' 
are  evidently  on  opposite  sides  of  the  directrix. 

Find  the  point  P  corresponding  to  K,  and  let  A'E,  PS 
produced  meet  in  P',  then,  if  P'K'  perpendicular  to  the 
directrix  meet  SE  produced  in  L', 

P'L'  :  P'K'  ::  SA'  :  A'X  ::  SA  :  AX, 

and  the  angle 

P'L'S  =  L'SX  =  L'SP': 

.-.  SP'  =  P'L'. 

Hence  P'  is  a  point  in  the  curve,  and  PSP'  is  a  focal 
chord. 

Following  out  the  construction  we  observe  that,  since 
SA  is  greater  than  AX,  there  are  two  points  on  the  directrix, 
e  and  e',  such  that  Ae  and  Ae  are  each  equal  to  AS. 

Tf  E  coincide  with  e,  the  angle 

QSL  =  LSX  =  ASe  =  AeS. 


Hence  SQ,  AP  are  parallel,  and  the  corresponding  point 
of  the  curve  is  at  an  infinite  distance ;  and  similarly  the 
curve  tends  to  infinity  in  the  direction  Ae'. 

Further,  the  angle  ASE  is  less  or  greater  than  AES, 
according  as  the  point  E  is,  or  is  not,  between  e  and  e'. 
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Hence,  when  E  is  below  e,  the  curve  lies  above  the  axis, 
to  the  right  of  the  directrix  ;  when  between  e  and  A',  below 
the  axis  to  the  left ;  when  between  X  and  e',  above  the  axis 
to  the  left ;  and  Avhen  above  e' ,  below  the  axis  to  the  right. 
Hence  a  general  idea  can  be  obtained  of  the  form  of  the 
curve,  tending  to  infinity  in  four  directions,  as  in  the  figure 
of  Art.  102. 

DEFINITIONS. 

The  line  AA'  is  called  the  transverse  axis  of  the  hyperbola. 

The  middle  point,  G,  of  A  A'  is  the  centre. 

Any  straight  line,  drawn  through  C  and  terminated  by 
the  curve,  is  called  a  diameter. 

95.  Prop.  I.  If  P  be  any  point  of  an  hyperbola,  and 
AA'  its  transverse  axis,  and  if  A'P,  and  PA  produced,  (or 
PA  and  PA'  produced)  meet  the  directrix  in  E  and  F,  EF 
subtends  a  right  angle  at  the  focus. 


By  the  theorem  of  Art.  4,  ES  bisects  the  angle  ASP' 
and  FS  bisects  ASP; 

.".  ESF  is  a  right  angle. 

SAA'  being  a  focal  chord,  this  is  a  particular  case  of  the 
theorem  of  Art.  6. 


96.  Prop.  II.  If  PK  be  the  ordinate  of  a  point  P,  and 
AG  A'  the  transverse  axis,  PK2  is  to  AN .  NA'  in  a  constant 
ratio. 
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Join  AP,  A'P,  meeting  the  directrix  in  E  and  F. 


Then  PN  :  AN 

and  PN  :  A'N 

.:  PN2  :  AN.NA' 


EX   :  AX, 

FX  :  A'X; 

EX  .  FX  :  AX  .  A'X 

SX*  :  AX  .A'X, 


since  ESF  is  a  right  angle;   that  is,  PN2  is  to  AN.NA', 
in  a  constant  ratio. 


Through  C,  the  middle  point  of  A  A',  draw  OB  at  right 
angles  to  the  axis,  and  such  that 

BC2  :  AC12  ::  SX2  :  AX,  A'X \ 

PN2  :  AN.NA'  ::  BC2  :  ^16'2, 

PJV2  :  ON2 -AG2  ::  BC2  :  AC2. 


then 
or 

Cor, 


or 


or 


If  PM  be  the  perpendicular  from  P  on  BC, 

PM=  ON,  and  PN  =  CM ; 

.-.  CM2  :  PM2-AC2  ::  BC2  :  AC2, 

CM2  :  BC2  ::  PJ/2-.4C'2  :  AC2 

.-.  CM2  +  BC2  :  BC2  ::  PiP  :  .46'2 

PM2  :  CM2  +  BC2  ::  ^1G'2  :  PC'2. 


97.  If  we  describe  the  circle  on  AA'  as  diameter,  which 
we  may  term,  for  convenience,  the  auxiliary  circle,  the 
rectangle  AN .  NA'  is  equal  to  the  square  on  the  tangent  to 
the  circle  from  N. 
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Hence  the  preceding  theorem  ma)'  be  thus  expressed : 

The  ordinate  of  an  hyperbola  is  to  the  tangent  from  its 
foot  to  the  auxiliary  circle  in  the  ratio  of  the  conjugate  to  the 
transverse  axis. 

Def.  If  CB'  be  taken  equal  to  CB,  on  the  other  side  of 
the  axis,  the  line  BCB'  is  called,  the  conjugate  axis. 

The  two  lines  AA',  BB'  are  the  principal  axes  of  the 
curve. 

When  these  lines  are  equal,  the  hyperbola,  is  said  to  be 
equilateral,  or  rectangular. 

The  lines  AA',  BB'  are  sometimes  called  major  and 
minor  axes,  but,  as  AA'  is  not  necessarily  greater  than  BB', 
these  terms  cannot  with  propriety  be  generally  employed. 

If  a  point  N'  be  taken  on  CA'  produced,  such  that 
CN'  =  CN,  the  corresponding  ordinate  P'N'  =  PN,  and 
therefore  it  follows  that  the  curve  is  symmetrical  with  regard 
to  BOB',  and  that  there  is  another  focus  and  directrix, 
corresponding  to  the  vertex  A'. 

98.  Prop.  III.  If  AC  A'  be  the  transverse  axis,  C  the 
centre,  S  one  of  the  foci,  and  X  the  foot  of  the  directrix. 

CS  :  GA   ::  CA   :  CX  ::  SA  :  AX, 

and  CS  :  CX  ::  CS2  :  CA2. 

Interchanging  the  positions  of  S  and  X  for  a  new 


S'       A'     X'  c  x     a       s 

figure,  the    proof   of  these   relations   is    identical  with   the 
proof  given  for  the  ellipse  in  Art.  61. 

99.     Prop.  IV.     If  S  be  a  focus,  and  B  an  extremity 
of  the  conjugate  axis, 

BC2  =  AS .  SA'  and  SC*  =  AC2  +  BC\ 
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Referring  to  Art.  (98),  SX  =  SA  +  AX  ; 

.-.  SX  :  AX  ::  SA  +  AX  :  AX, 
::  SC  +  AC   :  AG; 
and  similarly 

SX  :  A'X  ::  SC-AG  :  AC; 
.'.SX2  :  4X.^'X  ::  £C2-;1C'2  :  AC2. 
But  £6*  :  46'2  ::  SX2  :  4X.4'X; 

. • .  BC2  =  SC2  -AC2  =  AS.  SA'. 
Hence  SC2  =  A  Gl  +  BC2  =  AB2 ; 

i.e.  SC  is  equal  to  the  line  joining  the  ends  of  the  axes. 

100.     Prop.  V.     The  difference  of  the  focal  distances  of 
any  point  is  equal  to  the  transverse  axis. 

For,  if  PKK',  perpendicular    to    the    directrices,    meet 
them  in  K  and  K' , 

S'P  :  PK  ::  S A  :  AX, 
and  SP    :  PK   ::  SA   :  AX ; 


Cor.  1. 


S'P  -  SP  : 

KK'  : 

::  SA  : 

4X, 

::  AA' 

:  XX'  (Art.  98) ; 

r.S'P 

-SP  = 

■-AA', 

SP 

:  NX  : 

:  AC 

:  GAT; 

.-.SP 

:  AC   : 

:  NX 

:  CX; 

SP  +  AC  : 

AC    : 

:  CN 

:  CX, 

SP  +  AC 

:  CN    : 

:  SA 

:  .4X. 

S'P -AC  : 

:  CN    : 

:  &4 

:  JX. 

Cor.  2.  Hence  also  it  can  be  easily  shewn,  that  the 
difference  of  the  distances  of  any  point  from  the  foci  of  an 
hyperbola,  is  greater  or  less  than  the  transverse  axis,  according 
as  the  point  is  within  or  without  tJte  concave  side  of  the 
curve. 
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101.     Mechanical  Construction  of  the  Hyperbola. 

Let  a  straight  rod  S'L  be  moveable  in  the  plane  of  the 
paper   about    the    point    S'.     Take    a    piece   of  string,    the 


length  of  which  is  less  than  that  of  the  rod,  and  fasten  one 
end  to  a  fixed  point  S,  and  the  other  end  to  L;  then,  pressing 
a  pencil  against  the  string  so  as  to  keep  it  stretched,  and  a 
part  of  it  PL  in  contact  with  the  rod,  the  pencil  will  trace 
out  on  the  paper  an  hyperbola,  having  its  foci  at  S  and  S', 
and  its  transverse  axis  equal  to  the  difference  between 
the  length  of  the  rod  and  that  of  the  string. 

This  construction  gives  the  right-hand  branch  of  the 
curve  ;  to  trace  the  other  branch,  take  the  string  longer 
than  the  rod,  and  such  that  it  exceeds  the  length  of  the  rod 
by  the  transverse  axis. 

We  may  remark  that  by  taking  a  longer  rod  MS'L,  and 
taking  the  string  longer  than  SS'  +  S'L,  so  that  the  point  P 
will  be  always  on  the  end  S'M  of  the  rod,  we  shall  obtain 
an  ellipse  of  which  S  and  3'  are  the  foci.  Moreover,  re- 
membering that  a  parabola  is  the  limiting  form  of  an  ellipse 
when  one  of  the  foci  is  removed  to  an  infinite  distance, 
the  mechanical  construction  given  for  the  parabola  will  be 
seen  to  be  a  particular  case  of  the  above. 

The  Asymptotes. 

102.  We  have  shewn  in  Art.  94  that  if  two  points,  e 
and  e',  be  taken  on  the  directrix  such  that 

Ae  =  Ae'  =  AS, 

the  lines  eA,  e'A  meet  the  curve  at  an  infinite  distance. 
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These  lines  are  parallel  to  the  diagonals  of  the  rectangle 
formed  by  the  axes,  for 

Ae'  :  AX  ::  AS  :  AX  ::  SC    :  AG, 

::  AB  :  AC,  (Art.  99). 

Definition.  The  diagonals  of  the  rectangle  formed  by 
tlte  principal  axes  are  called  tlte  asymptotes. 

We  observe  that  the  axes  bisect  the  angles  between  the 
asymptotes,  and  that  if  a  double  ordinate,  PNP',  when 
produced,  meet  the  asymptotes  in  Q  and  Q', 

PQ  =  P'Q'- 

The  figure  appended  will  give  the  general  form  of  the 
curve  and  its  connection  with  the  asymptotes  and  the 
auxiliary  circle. 


103.  Prop.  VI.  The  asymptotes  intersect  the  directrices 
in  the  same  points  as  the  auxiliary  circle,  and  tlte  lines  joining 
the  corresponding  foci  with  the  points  of  intersection  are 
tangents  to  the  circle. 

If  the  asymptote  CL  meet  the  directrix  in  D,  joining 
SD  (fig.  Art.  102),  CU  =  AC2  +  BG2=  SC2, 

and        CD  :  CX  ::  CL  :  CA  ::  SC  :  CA  ::  CA  :  CX ; 

.*.  CD=  CA,  and  D  is  on  the  auxiliary  circle. 
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Also 

CS.  GX  =  GA2  =  GD2; 

.'.  CDS  is  a  right  angle,  and  SD  is  the  tangent  at  D. 

Cor.     GD2  +  SD2  =  OS2  =  A  C2  +  BG2  (Art,  99) : 
.-.  SD  =  BG. 

104.  An  asymptote  may  also  be  characterized  as  the  ultimate 
position  of  a  tangent  when  the  point  of  contact  is  removed  to  an  infinite 
distance. 

It  appears  from  Art.  10  that  in  order  to  find  the  point  of  contact  of 
a  tangent  drawn  from  a  point  T  in  the  directrix,  we  must  join  T  with 
the  focus  S,  and  draw  through  £a  straight  line  at  right  angles  to  ST; 
this  line  will  meet  the  curve  in  the  point  of  contact. 

In  the  figures  of  Arts.  94  and  102  we  know  that  the  line  through  S, 
parallel  to  eA  or  CL,  meets  the  curve  in  a  point  at  an  infinite  distance, 
and  also  that  this  straight  line  is  at  right  angles  to  SD,  since  SD  is  at 
right  angles  to  CD.  Hence  the  tangent  from  D,  that  is  the  line  from 
D  to  the  point  at  an  infinite  distance,  is  perpendicular  to  DS  and  there- 
fore coincident  with  CD. 

The  asymptotes  therefore  touch  the  curve  at  an  infinite  distance. 

105.  Def.  If  an  hyperbola  be  described,  having  for  its 
transverse  and  conjugate  axes,  respectively,  the  conjugate  and 
transverse  axes  of  a  given  hyperbola,  it  is  called  the  conjugate 
hyperbola. 

It  is  evident  from  the  preceding  article  that  the  conju- 
gate hyperbola  has  the  same  asymptotes  as  the  original 
hyperbola,  aod  that  the  distances  of  its  foci  from  the  centre 
are  also  the  same. 

The  relations  of  Art.  96  and  its  Corollary  are  also  true, 
mutatis  mutandis,  of  the  conjugate  hyperbola  ;  thus,  if  R  be 
a  point  in  the  conjugate  hyperbola, 

RM2  :  GM2-BG2  ::AG2:  BG2, 

and  CM2  :  RM"  +  AC2::  BG2  :  A C2. 

Def.  A  straight  line  drawn  through  the  centre  and  ter- 
minated by  the  conjugate  hyperbola  is  also  called  a  diameter 
of  the  original  hyperbola. 
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106.  Prop.  VII.  If  from  any  point  Q  in  one  of  the 
asymptotes,  two  straight  lines  QPN,  QRM  be  drawn  at  right 
angles  respectively  to  the  transverse  and  conjugate  axes,  and 
meeting  the  hyperbola  in  P,  p,  and  the  conjugate  hyperbola 
in  R,  r, 


and 


QP.Qp  =  BC\ 
QR.  Qr=AC~. 


or 

i.e. 


For  QN2  :BC*::  GN2:AG2; 

.-.  QN2-BG2  :  BO2 ::  GN*  -  AG2  :  AG'1 
r.PN2  :BC2: 
.\QN2-BC2  =  PN2, 
QN2-PN2  =  BG2; 
QP  .Qp  =  BCf 
Similarly,  QM2  :  AG2  ::  GM2  :  BG2; 
...  Q3P-AG2  :  AG2  ::  GM*  -  BG2  :  BG2, 
::  RM2  :  AG2; 
.-.  QM*-RM2  =  AC*, 
or  QR.Qr  =  AG2. 

These  relations  may  also  be  given  in  the  form, 
QP  .Pq  =  BG2,        QR  .  Rq'  =  A  G\ 

Cor.  If  the  point  Q  be  taken  at  a  greater  distance 
from  G,  the  length  QN  and  therefore  Qp  will  be  increased, 
and  may  be  increased  indefinitely. 
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But  the  rectangle  QP  .  Qp  is  of  finite  magnitude  ;  hence 
QP  will  be  indefinitely  diminished,  and  the  curve,  therefore, 
as  it  recedes  from  the  centre,  tends  more  and  more  nearly  to 
coincide  with  the  asymptote. 

A  further  illustration  is  thus  given  of  the  remarks  in 
Art.  104. 

107.  If  in  the  preceding  figure  the  line  Qq  be  produced 
to  meet  the  conjugate  hyperbola  in  E  and  e,  it  can  be  shewn, 
in  the  same  manner  as  in  Art.  106,  that 

QE  .Qe=  BC2  ■ 

and  this  equality  is  still  true  when  the  line  Qq  lies  between 
C  and  A,  in  which  case  Qq  does  not  meet  the  hyperbola. 

Properties  of  the  Tangent  and  Normal. 

108.  In  the  case  of  the  hyperbola  the  theorem,  proofs 
of  which  are  given  in  Arts.  15  and  16,  takes  the  following 
form : 

The  tangents  drawn  from  any  point  to  an  hyperbola 
subtend  equal  or  supplementary  angles  at  either  focus  ac- 
cording as  they  touch  the  same  or  opposite  branches  of  the 
curve. 


For,  T  being  the  point  of  intersection  of  tangents   to 
opposite  branches  of  the    curve,  let  TM,  TM'  be  the  per- 

B.  c.  s.  7 
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pendiculars  let  fall  from   T  on  SP  and  SQ,  then,  as  in  Arts. 
15  and  16,  TM=TM'; 

.  \  the  angles  TSM,  TSM'  are  equal,  and  consequently 
the  angles  TSP,  TSQ  are  supplementary. 

109.  Prop.  VIII.  The  tangent  at  any  point  bisects  the 
angle  between  the  focal  distances  of  that  point,  and  tJie  normal 
is  equally  inclined  to  the  focal  distances. 

Let  the  normal  at  P  meet  the  axis  in  G. 

Then  (Art.' 18), 

SG  :SP::  SA  :  AX, 

and  S'G:S'P::SA  :  AX ; 

.-.  SG:S'G::  SP:S'P; 

and  therefore  the  angle  between  SP  and  S'P  produced  is 
bisected  by  PG. 

Hence  PT,  the  tangent  which  is  perpendicular  to  PG, 
bisects  the  angle  SPS'. 

Cor.  1.  If  PT  and  GP  produced  meet,  respectively, 
the  conjugate  axis  in  t  and  g,  it  can  be  shewn,  in  exactly  the 
same  manner  as  in  the  corresponding  case  of  the  ellipse 
(Art.  68),  that  S,  P,  S',  t,  and  g  are  concyclic. 

Cor.  2.  If  an  ellipse  be  described  having  S  and  >S"  for 
its  foci,  and  if  this  ellipse  meet  the  hyperbola  in  P,  the 
normal  at  P  to  the  ellipse  bisects  the  angle  SPS',  and  there- 
fore coincides  with  the  tangent  to  the  hyperbola. 

Hence,  if  an  ellipse  and  an  hyperbola  be  confocal,  that  is, 
have  the  same  foci,  they  intersect  at  rigid  angles. 

110.  Prop.  IX.  Every  diameter  is  bisected  at  the  centre, 
and  the  tangents  at  the  ends  of  a  diameter  are  parallel. 

Let  PCp  be  a  diameter,  and  PN,  pn  the  ordinates. 

Then  (LV2:  On*  ::  PN*  :  pn*, 

::CN2-AC2:Cn2-AC2', 
hence  CN=Cn,  and  .-.  CP  =  Op. 
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The  triangles  PCS,  pCS'  are  equal  in  all    respects,  and 
therefore  SPS'j)  is  a  parallelogram. 


Hence  the  angles  SPS',  SpS'  are  equal,  and  therefore 
SPT=S'pt. 

But  SPC=S'pC, 

.".  the  difference  TPG  =  the  difference  ipG,  and  PT  is 
parallel  to  pt. 

It  can  be  shewn  in  exactly  the  same  manner,  that,  if 
the  diameter  be  terminated  by  the  conjugate  hyperbola,  it 
is  bisected  in  C,  and  the  tangents  at  its  extremities  are 
parallel. 

Cor.  The  distances  SP,  Sp  are  equally  inclined  to  the 
tangents  at  P  and  p. 

111.  Prop.  X.  The  perpendiculars  from  the  foci  on  any 
tangent  meet  the  tangent  on  the  auxiliary  circle,  and  the 
semi-conjugate  axis  is  a  mean  proportional  between  their 
lengths. 

Let  SY,  S'Y  be  the  perpendiculars,  and  let  SY  produced 
meet  S'P  in  L. 

Then  the  triangles  SPY,  LP Y  are  equal  in  all  respects, 

and  SY  =  LY. 

7-2 
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Hence,  C  being  the  middle  point  of  SS'  and  Y  of  SL,  GY 
is  parallel  to  S'L,  and  S'L  =  2CY. 


But         S'L  =  ST  -PL  =  ST  -SP  =  2AG; 

.-.  CY=AC, 

and  Y  is  on  the  auxiliary  circle. 

So  also  y  is  a  point  in  the  circle. 

Let  SY  produced  meet  the  circle  in  Z,  and  join  Y'Z; 
then,  Y'YZ  being  a  right  .angle,  ZY'  is  a  diameter  and 
passes  through  G.  Hence,  the  triangles  SGZ,  S'GY'  being 
equal,  , 

S'Y'  =  8Z, 

and  SY.  S'Y'=SY .  SZ  =  SA  .  SA'  =  BC\ 

Cor.  1.  If  P'  be  the  other  extremity  of  the  diameter 
PC,  the  tangent  at  P'  is  parallel  to  PY,  and  therefore  Z 
is  the  foot  of  the  perpendicular  from  S  on  the  tangent 
at  P'. 

Cor.  2.  If  the  diameter  DGD',  drawn  parallel  to  the 
tangent  at  P,  meet  S'P,  SP  in  E  and  E\  PEGY  is  a 
parallelogram  ; 

.-.  PE=  CY=AG, 
and  so  also  PE'  =  CY'  =  AC. 
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112.     Prop.  XI.     To  draw  tangents  to  an  hyperbola  from 
a  given  point. 

The  construction  of  Art.  17  may  be  employed,  or,  as  in 
the  cases  of  the  ellipse  and  parabola,  the  following. 

Let  Q  be  the  given  point ;    join    SQ,  and  upon  SQ   as 


diameter  describe  a  circle  intersecting  the  auxiliary  circle 
in  Y  and  Y' ; 

QFand  QY'  are  the  required  tangents. 

Producing  8Y  to  L,  so  that  YL  =  SY,  draw  S'L  cutting 
QY  in  P,  and  join  SP. 

The  triangles  SPY,  LPY  are  equal  in  all  respects, 
and  S'P  -  SP  =  S'L  =  2CY  =  2AG; 

.:  P  is  a  point  on  the  hyperbola. 

Also  QP  bisects  the  angle  SPS',  and  is  therefore  the 
tangent  at  P.  A  similar  construction  will  give  the  other 
tangent  QP'. 

If  the  point  Q  be  within  the  angle  formed  by  the  asymp- 
totes, the  tangents  will  both  touch  the  same  branch  of  the 
curve  ;  but  if  it  lie  within  the  external  angle,  they  will  touch 
opposite  branches. 
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113.  Prop.  XII.  If  two  tangents  be  drawn  from  any 
point  to  an  hyperbola  they  are  equally  inclined  to  the  focal 
distances  of  that  point. 

Let  PQ,  P'Q  be  the  tangents, '87,  S'T,  SZ,  S'Z'  the 
perpendiculars  from  the  foci ;  join  YZ,  Y'Z  . 


Then  the  angles  YSZ,  Y'S'Z'  are  equal,  for  they  are  the 
supplements  of  YQZ,  Y'QZ' . 

Also  S7.S'Y'  =  SZ.S'Z'  (Art.  Ill); 

or  S7  :  SZ  ::  S'Z'  :  S'T ; 

.-.  the  triangles  YZS,  Y'S'Z'  are  similar, 

and  the  angle  7ZS  =  Z'7'S'. 

But  the  angle  YQS=  YZS,  and  2'QS'  =  ZY'S' ; 

.-.  YQS=Z'QS'. 

That  is,  the  tangent  QP  and  the  tangent  P'Q  produced 
are  equally  inclined  to  SQ  and  S'Q. 

Or,  producing  S'Q,  QP  and  QP'  are  equally  inclined  to 
QS  and  S'Q  produced. 

In  exactly  the  same  manner  it  can  be  shewn  that  if 
QP,  QP'  touch  opposite  branches  of  the  curve  the  angles 
PQS,  P'QS'  are  equal. 

Cor.  If  Q  be  a  point  in  a  confocal  hyperbola,  the  nor- 
mal at  Q  bisects  the  angle  between  SQ  and  S'Q  produced 
and  therefore  bisects  the  angle  PQP'. 
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Hence,  if  from  any  point  of  an  hyperbola  tangents  be 
drawn  to  a  confocal  hyperbola,  these  tangents  are  equally 
inclined  to  the  normal  or  the  tangent  at  the  point,  according 
as  it  lies  within  or  without  that  angle  formed  by  the  asymptotes 
of  the  confocal  which  contains  the  transverse  axes. 

114.  Prop.  XIII.  If  FT,  the  tangent  at  F,  meet  the 
transverse  axis  in  T,  and  PN  be  the  ordinate, 

GN.GT=AG\ 

Let  fall  the  perpendicular  SY  upon  FT,  and  join  YN, 
GY,  SP,  and  S'P. 

The  angle  CYT=8'PY=SPY 

=  the  supplement  of  SNY=>  GNY '; 

also  the  angle  YGT  is  com- 
mon to  the  two  triangles 
GYT,  GYN;  these  triangles 
are  therefore  similar, 


and 


or 


CN  :  GY  ::  GY  :  GT, 


GN.CT=GY2  =  AC\ 

Cor.  1 .     Hence  ON .  NT  =  GN2  -  GN .  GT 

=  GN°"-AG2 
=  AN.NA'. 


Cor.  2.     Hence  also  it  follows  that 

If  any  number  of  hyperbolas  be  described  having  the 
same  transverse  axis,  and  an  ordinate  be  drawn  cutting 
the  hyperbolas,  the  tangents  at  the  points  of  section  will  all 
meet  the  transverse  axis  in  the  same  point. 

CuR.  3.  If  GN  be  increased  indefinitely,  GT  is  dimi- 
nished indefinitely,  and  the  tangent  ultimately  passes 
through  G,  as  we  have  already  shewn  in  Art.  104. 
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115.     Prop.  XIV.    If  the  tangent  at  P  meet  the  conjugate 
axis  in  t,  and  PN  be  the  ordinate, 

Gt.PN  =  BG2. 

For  Ct  :  PN  ::  GT  :  NT;  (Fig.  Art.  114) 

.-.  Gt.PN  :  PN'  ::  GT  .GN  :  GN  .NT 

::   ^C2  :  AN.NA'. 
.\Gt.PN  :  AG2  ::  PN"  :  AN.NA' 
::  £C2  :  AG'2, 
and  Gt.PN  =  BC\ 

In   exactly  the  same  manner  as  in  Art.   76,  it  can  be 
shewn  that 

CG.GT  =  SC2, 

GG  :  GN  ::  SG*  :  AG2,      Gg  :  PN  ::  ,S'C2  :  £C2, 

and  #0  :  GN  ::  £C2  :  ^02. 


116.  Prop.  XV.  If  the  normal  at  P  meet  the  transverse 
axis  in  G,  the  conjugate  axis  in  g,  and  the  diameter  parallel 
to  the  tangent  at  P  in  F, 

PF.  PG  =  BG\  and  PF .  Ptj  =  AG2. 

Let  NP,  PM,  perpendicular 
to  the  axes,  meet  the  diameter 
GF  in  K  and  L  ; 

Then  KNG,  KFG  being  right 
angles,  K,  F,  N,  G  are  concyclic ; 

.;PF.PG  =  PK.PN 

=  Gt.PN  =  BC*. 


Similarly  F,  L,  M,  g  are  con- 
cyclic  ; 

.-.  PF .  Pg  =  PL .  PM  =  GT .  GN  =  AG 


\j/ 

p 

/h      / 

/T  A 

<r 
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117.     Prop.  XVI.     If  PCp  be  a  diameter,  and  QV  an 
ordinate,  and  if  the  tangent  at  Q  meet  the  diameter  Pp  in  T, 

CV.GT=GP\ 

Let  the  tangents  at  P  and  p  meet  the  tangent  at  Q  in 
R  and  r ; 


Then  the  angle  SPR  =  Spr  (Cor.  Art.  110) 

and  therefore  if  BN,  rn  be  the  perpendiculars  on  SP,  sp,  the 
triangles  MPN,  rpn  are  similar. 

Draw  RM,  rm  perpendiculars  on  tiQ. 

Then  TR  :  Tr  ::  RP  :  rp  ::  RN  :  rn, 

::  RM:  rm   (Cor.  Art.  15) 
::  RQ  :rQ. 

Hence,  QV,  RP,  and  rp  being  parallel, 
TP  :Tp::  PV:pV: 
.-.  TP  +  Tp  :Tp-TP::  PV+pV  :  pV-PV, 
or  2CP  :  2CT  ::  2CV  :  2GP, 

or  C!V.CT=CP2. 


10b'  THE    HYPERBOLA. 

118.     Prop.  XVII.     A  diameter  bisects  all  chords  par- 
allel to  tlie  tangents  at  its  extremities. 

Let  PCp  be  the  diameter,  and  QQ'  the  chord,  parallel  to 
the  tangents  at  P  and  p.     Then  if  the  tangents  TQ,  TQ' 


at  Q  and   Q'  meet  the  tangents  at  P  and  p,  in  the  points 
E,  E',  e,  e, 

EP  =  E'P  and  ep  =  e'p,  (Art.  21) 

/.  the  point  T  is  on  the  line  Pp ; 

but  TP  bisects  QQ' ; 

that  is,  the  diameter  pGP  produced  bisects  QQ'. 

Def.  The  line  DGd,  drawn  parallel  to  the  tangent  at 
P  and  terminated  by  the  conjugate  Tiyperbola,  that  is,  the 
diameter  parallel  to  the  tangent  at  P,  is  said  to  be  conjugate 
to  PCp. 

A  diameter  therefore  bisects  all  chords  parallel  to  its 
conjugate. 

119.  Prop.  XVIII.  If  the  diameter  DGd  be  conjugate 
to  PGp,  then  will  PCp  be  conjugate  to  DGd. 

Let  the  chord  QVq  be  parallel  to  CD  and  be  bisected  in 
V  by  CP  produced. 

Draw  the  diameter  qCR,  and  join  MQ  meeting  CD 
in  U. 
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Then  RC  =  Cq  and  QV=  Vq;  .:  QR  is  parallel  to  CP. 
Also  QU:  UR::Cq:  OR, 

and  .'.  QU=  UR, 


that  is,  CD  bisects  the  chords  parallel  to  CP,  and  PCp  is 
therefore  conjugate  to  DCd. 

Hence,  when  two  diameters  are  conjugate,  each  bisects 
the  chords  parallel  to  the  other. 

Def.  Chords  drawn,  from  the  extremities  of  any  diameter 
to  a  point  on  the  hyperbola  are  called  supplemental  chords. 

Thus,  qQ,  QR  are  supplemental  chords,  and  they  are 
parallel  to  CD  and  CP ;  supplemental  chords  are  therefore 
parallel  to  conjugate  diameters. 

Def.  A  line  QV.  drawn  from  any  point  Q  of  an 
hyperbola,  parallel  to  a  diameter  DCd,  and  terminated  by  the 
conjugate  diameter  PCp,  is  called  an  ordinate  of  the  diameter 
PCp,  and  if  QV  produced  meet  the  curve  in  Q',  QVQ'  is  the 
double  ordinate. 

This  definition  includes  the  two  cases  in  which  QQ'  may 
be  drawn  so  as  to  meet  the  same,  or  opposite  branches  of  the 
hyperbola. 

120.  Prop.  XIX.  Any  diameter  is  a  mean  proportional 
behoeen  the  transverse  axis  and  the  focal  chord  parallel  to  the 
diameter. 

This  can  be  proved  as  in  Art.  81. 
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Properties  of  Asymptotes. 

121.  Prop.  XX.  If  from  any  point  Q  in  an  asymptote 
QPpq  be  drawn  meeting  the  curve  in  P,  p  and  the  other 
asymptote  in  q,  and_if  CD  be  the  semi-diameter  parallel 
to  Qq, 

QP  .Pq=CD>andQP=pq. 

Through  P  and  D  draw  RPr,  DTt  perpendicular  to  the 
transverse  axis,  and  meeting  the  asymptotes. 


Then  QP  :RP  ::  CD  :  DT, 

and  Pq:  Pr  ::  CD  :  Dt] 

.-.  QP  .  Pq  :  MP  .  Pr  ::  CD2 :  DT  .  Dt. 

But  RP  .  Pr  =  BC'  =  DT  .  Dt  (Art's.  106  and  107), 

.-.  QP  .  Pq  -  CD\ 

Similarly  qp  .  pQ=  CD'2 ; 

.-.  QP  .Pq  =  qp  .  pQ ; 

or,  if  V  be  the  middle  point  of  Qq, 

QV*-PV*  =  QV*-pV\ 

Hence  PV=pV,  and  ;.PQ=pq. 

We  have  taken  the  case  in  which  Qq  meets  one  branch 
of  the  hyperbola.  It  may  however  be  shewn  in  the  same 
manner  that  the  same  relations  hold  good  for  the  case  in 
which  Qq  meets  opposite  branches. 
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Cor.  If  a  straight  line  PP'p'p  meet  the  hyperbola  in 
P,  p,  and  the  conjugate  hyperbola  in  P',  p,  PP'  ~pp'. 

For,  if  the  line  meet  the  asymptotes  in  Q,  q, 
QP'=p'q,  and  PQ  =  qp; 
.-.  PP'=pp'. 

122.  Prop.  XXI.  The  portion  of  a  tangent  which  is 
terminated  by  the  asymptotes  is  bisected  at  the  point  of  contact, 
and  is  equal  to  the  parallel  diameter. 

LEI  being  the  tangent  (Fig.  Art.  121),  and  DCd  the 
parallel  diameter,  draw  any  parallel  straight  line  QPpq 
meeting  the  curve  and  the  asymptotes. 

Then  QP=pq;  and,  if  the  line  move  parallel  to  itself 
until  it  coincides  with  LI,  the  points  P  and  p  coincide  with 
E,a.nd.\LE  =  M. 

Also  QP  .  Pq  =  CD";  always ; 

.-.  LE  .  El  =  CD\  or  LE=  CD. 


Properties  of  Conjugate  Diameters. 

123.  Prop.  XXII.  Conjugate  diameters  of  an  hyperbola, 
are  also  conjugate  diameters  of  the  conjugate  hyperbola,  and 
the  asymptotes  are  diagonals  of  the  parallelogram  formed  by 
the  tangents  at  their  extremities. 

PCp  and  DCd  being  conjugate,  let  QVq,  a  double  ordinate 
of  CD,  meet  the  conjugate  hyperbola  in  Q'  and  q'. 

Then  QV=  Vq,  and  QQ'  =  qq  (Cor.  Art.  121), 

.:QV=Vq'. 

That  is,  CD  bisects  the  chords  of  the  conjugate  hyperbola 
parallel  to  CP. 

Hence  CD  and  CP  are  conjugate  in  both  hyperbolas,  and 
therefore  the  tangent  at  D  is  parallel  to  CP. 


no 
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Let  the  tangent  at  P  meet  the  asymptote  in  L  ;  then 
PL  =  CD     (Art.  122). 


Hence  LB  is  parallel  and  equal  to  GP ; 

but  the  tangent  at  D  is  parallel  to  GP ; 

.'.  LD  is  the  tangent  at  D. 

Completing  the  figure,  the  tangents  at  p  and  d  are  par- 
allel to  those  at  P  and  D,  and  therefore  the  asymptotes  are 
the  diagonals  of  the  parallelogram  Lll'L'. 

Cor.  Hence,  joining  PD,  it  follows  that  PD  is  parallel 
to  the  asymptote  IGL',  since  LP  =  PL',  and  LD  =  Dl. 

124.  Prop.  XXIII.  If  QV  be  an  ordinate  of  a  dia- 
meter PGp,  and  DGd  the  conjugate  diameter, 

QV2:  PV.  Vpy.GD2  :  GP\ 


Let  QV  and  the  tangent  at  P  meet  the  asymptote  in 
R  and  /,. 
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Then  LP  being  equal  to  CD, 

RV2  :  CD*  ::  CV2  :  CP2 ; 
.-.  R  V2  -  CD2  :CD2::  CV2  -  CP2  :  CP\ 

But  RV2-QV*=CD2. 

Hence  QV2  :  CD2  : :  CF2 -  CP2  :  CP2, 

or  QF2  :  PV.Vp  ::  CD2  :  OP2. 

125.  Prop.  XXIV.  If  QV  be  cm  ordinate  of  a  dia- 
meter PCp,  and  if  the  tangent  at  Q  meet  the  conjugate  diameter, 
DCd,  in  t, 

Ct.  QV=CD\ 

For,  (Fig.  Art.  118) 

Ct  :  QV.-.CT:  VT, 
and  .-.  Ct  .  QV:QV2::CV.CT:CV.  VT. 
But  CV.CT=CP2, 

and  CV .  VT  =  CV2  -  CV .  CT  =  CV2  -  CP2 ; 
.-.  Ct  .  QV  :  QV2  ::CP2:  CV2  -  CP2, 
::  CD2  :  QV2. 
Hence  Ct.QV=CD2. 

126.  Prop.  XXV.  If  ACa,  BCb  be  conjugate  diameters, 
and  PCp,  DCd  another  pair  of  conjugate  diameters,  and  if 
PN,  DM  be  ordinates  of  ACa, 

CM  :  PN-.-.AC:  BC, 

and  DM  :  CN  ::  BC  :  AC. 

Let  the  tangents  at  P  and  D  meet  A  Ca  in  T  and  t ; 

then  CN.CT  =  A C2  =  CM .  Ct  (Art.  117), 


•.  CM  :  CN 


CT  :  Ct, 
PT  :  CD, 
PN  :  2W , 
CN  :  Mt; 
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.-.  CN2  =  CM  .  Mt  =  CM2  +  CM .  Ct  =  CM2  +  A  C\ 
so  that  CM*=CN*-AC\ 


But  PN2  :  CN2-AC2  ::  BC2  :  AC2; 

.-.  OT  :  PJV  ::  AC  :  5(7; 
and,  similarly,        DM  :  CN  ::  BC  :  AC. 

Cor.     We  have  shewn  in  the  course  of  the  proof,  that 

CN2-CM2  =  AC2. 

Similarly,  if  Pn,  Dm  be  ordinates  of  BC, 

Cm2-Cn2  =  BC2; 

that  is,  DM2  -  PN2  =  BC2 ; 

and  it  must  be  noticed  that  these  relations  are  shewn  for  any 
pair  of  conjugate  diameters  ACa,  BCb,  including  of  course 
the  axes. 

127.  Prop.  XXVI.  If  CP,  CD  be  conjugate  semi- 
diameters,  and  A  C,  BC  the  semi-axes, 

CP2  -  CD2  =  AC2  -  BC\ 

For,  drawing  the  ordinates  PN,  DM,  and  remembering 
that  in  this  case  the  angles  at  N  and  M  are  right  angles,  we 
have,  from  the  figure  of  the  previous  article, 

CP2  =  CN2  +  PN2, 

CD*  =  CM*  +  DM*. 

But  CN2  -  CM2  =  AC2  and  DM  *  -  PN2  =  BC2; 
.-.  CP2  -  CD2  =  AC  -  BC2. 
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128.     Prop.  XXVII.     If  the  nor  nail  at  P  meet  the  axes 
in  G  and  g, 

PG  :  GD  ::  BG  :  AG, 
and  Pg  :  GD  ::  AG  :  BG. 

For  the  proofs  of  these  relations,  see  Art.  86. 

Observe  also  that 

PG.Pg  =  GD\ 


and  that 


Gg  :  GD  ::  £02  :  AG .  BG. 


129.  Prop.  XXVIII.  T/je  area  of  the  parallelogram 
formed  by  the  tangents  at  the  ends  of  conjugate  diameters 
is  equal  to  the  rectangle  contained  by  the  axes. 

Let  GP,  GD  be  the  semi-diameters,  and  PN,  DM  the 
ordinates  of  the  transverse  axis. 

Let  the  normal  at  P  meet 
GD  in  F,  and  the  axis  in  G. 
Then  PNG,  GDM  are  similar 

triangles,    and,    exactly    as    in 
Art.  87,  it  can  be  shewn  that 

PF.GD=AG.BG. 

Hence  it  follows  that,  in 
the  figure  of  Art.  123,  the 
triangle  LGL'  is  of  constant  area. 

For  the  triangle  is  equal  to  the  parallelogram  GPLD, 


130.     Prop.  XXIX.     If  SP,  S'P  be  the  focal  distances  of 
a  point  P,  and  GD  be  conjugate  to  GP, 

SP.S'P  =  GD*. 

Attending  to   the  figure  of  Art.   Ill,  the    proof  is  the 
same  as  that  of  Art.  88. 

b.  c.  S.  8 
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131.  Prop.  XXX.  If  the  tangent  at  P  meet  a  'pair 
of  conjugate  diameters  in  T  and  t,  and  GD  be  conjugate 
to  GP, 

PT.Pt  =  GD\ 

This  can  be  proved  as  in  Art.  89. 

It  can  also  be  shewn  that  if  the  tangent  at  P  meet  two 
parallel  tangents  in  T'  and  t', 

PT  .  Pt'  =  CD2. 

132.  Prop.  XXXI.  If  the  tangent  at  P  meet  the 
asymptotes  in  L  and  L', 

CL.GL'  =  SC2. 


Let  the  tangent  at  A  meet  the  asymptotes  in  K  and 
if;  then  (Art.  129)  the  triangles  LGLr,  KGK'  are  of  equal 
area,  and  therefore 

GL  :  GK'  ::  GK  :  GL'  (Euclid,  Book  vi.), 

or  GL .  GL'  =  GK'2  =  AG2  +  BG2  =  SO2. 

Cor.  If  PH,  PH'  be  drawn  parallel  to,  and  terminated 
by  the  asymptotes, 

4  .  PH .  PH'  =  GS2, 

for  GL  =  2PH',  and  GL'  =  2PH 
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133.     Prop.  XXXII.     Pairs  of  tangents  at  rigid  angles 
to  each  other  intersect  on  a  fixed  circle. 

FT,    QT  being  two    tangents   at    right  angles,    let   SY, 
perpendicular  to  FT,  meet  S'P  in  K. 


Then  (Art.  113)  the  angle  S'TY' =  QTS, 

and  obviously,  KTP  =  PTS ; 

therefore  S'TY'  is  complementary  to  KTP,  and  S'TK  is  a 
right  angle. 

Hence 

4.4  G2  =  S'K2  =  S'T2  +  TK* 
=  ST  +  sr 

=  2  .  CT+  2  .  OSTa  by  Euclid  n.  12  and  13 ; 
.-.  CT2  =  AC2-BC2, 
and  the  locus  of  T  is  a  circle. 

If  A  C  be  less  than  BO,  this  relation  is  impossible. 

In  this  case,  however,  the  angle  between  the  asymptotes 
is  greater  than  a  right  angle,  and  the  angle  PTQ  between  a 
pair  of  tangents,  being  always  greater  than  the  angle  between 
the  asymptotes,  is  greater  than  a  right  angle.  The  problem 
is  therefore  a  priori  impossible  for  the  hyperbola,  but  be- 
comes possible  for  the  conjugate  hyperbola. 

As  in  the  case  of  the  ellipse,  the  locus  of  T  is  called  the 
director  circle. 

8—2 
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134.  Prop.  XXXIII.  The  rectangles  contained  by  the 
segments  of  any  two  chords  ivhich  intersect  each  other  are  in 
the  ratio  o/tJte  squares  on  the  parallel  diameters. 


Through  any  point  0  in  a  chord  QOQ'  draw  the  diameter 
ORR' ;  and  let  CD  be  parallel  to  QQ',  and  CP  conjugate  to 
CD,  bisecting  QQ'  in  V. 


Draw  R  U  an  ordinate  of  CP. 

Then  RU*  :  CU2-CP2 

.:  CD*+RU2  :  CU2 


But 


RU2  :  CU* 


CD2  :  CP2; 

CD2  :  CP2, 

CD2  +  QV2 

OV2   :   CV2 


CV2. 


or 


\  CD2 
CD2  : 


:  CU2  ::  CD2  +  Q V2 -  0 V2  :  CV\ 
CD2  +  QV2-OV2  ::  CU2  :  CV2, 


::  CR2   :  CO2; 

.-.  CD2  :  QV2-OV2  ::  OT  :  C02-CR2, 

or  0X»2  :  QO.CQ'  ::  CEa  :  OR.  OR'. 

Similarly,  if  qOq  be  any  other  chord,  and  Cd  the  parallel 
semi-diameter, 

Cd2  :  qO.Oq'  ::  CR2  :  OR.  OR': 

;.  QO.OQ'  :  qO.Oq    ::  CD2  :  Cd2; 

that    is,    the  ratio  of  the   rectangles    depends    only  on  the 
directions  of  the  chords. 
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Prop.  XXXIV.  If  a  circle  intersect  an  hyperbola  in  four 
points,  the  several  pairs  of  the  chords  of  intersection  are 
equally  inclined  to  the  axes. 

For  the  proof,  see  Art.  93. 


Examples. 


1.  If  a  circle  be  drawn  so  as  to  touch  two  fixed  circles  externally, 
the  locus  of  its  centre  is  an  hyperbola. 

2.  If  the  tangent  at  B  to  the  conjugate  meet  the  latus  rectum  in 
Z>,  the  triangles  SGD,  SXD  are  similar. 

3.  The  straight  line  drawn  from  the  focus  to  the  directrix,  parallel 
to  an  asymptote,  is  equal  to  the  semi-latus-rectum,  and  is  bisected  by 
the  curve. 

4.  Given  the  asymptotes  and  a  focus,  find  the  directrix. 

5.  Given  the  centre,  one  asymptote,  and  a  directrix,  find  the  focus. 

6.  Parabolas  are  described  passing  through  two  fixed  points,  and 
having  their  axes  parallel  to  a  fixed  line  ;  the  locus  of  their  foci  is  an 
hyperbola. 

7.  The  base  of  a  triangle  being  given,  and  also  the  point  of  contact 
with  the  base  of  the  inscribed  circle,  the  locus  of  the  vertex  is  an 
hyperbola. 

8.  If  the  normal  at  P  meet  the  conjugate  axis  in  g,  and  yXhe  the 
perpendicular  on  SP,  then  PX=AC 

9.  Draw  a  tangent  to.  an  hyperbola,  or  its  conjugate,  parallel  to  a 
given  line. 

10.  If  A  A'  be  the  axis  of  an  ellipse,  and  PNP1  a  double  ordinate, 
the  locus  of  the  intersection  of  A'P  and  PA  is  an  hyperbola. 

11.  The  tangent  at  P  bisects  any  straight  line  perpendicular  to 
A  A',  and  terminated  by  AP,  and  A'P. 

12.  If  PCp  be  a  diameter,  and  if  Sp  meet  the  tangent  at  P  in  T, 

SP=ST. 

13.  Given  an  asymptote,  the  focus,  and  a  point  ;  construct  the 
hyperbola. 
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14.  A  circle  can  be  drawn  through  the  foci  and  the  intersections  of 
any  tangent  with  the  tangents  at  the  vertices. 

15.  Given  an  asymptote,  the  directrix,  and  a  point  ;  construct  the 
hyperbola. 

16.  If  through  any  point  of  an  hyperbola  straight  lines  are  drawn 
parallel  to  the  asymptotes  and  meeting  any  semi-diameter  CQ  in  P 
and  R, 

CP.  CR  =  CQ2. 

17.  PN  is  an  ordinate  and  NQ  parallel  to  AB  meets  the  conjugate 
axis  in  Q  ;  prove  that  QB  .  QB'  =  PX2. 

18.  XP  is  an  ordinate  and  Q  a  point  in  the  curve  ;  AQ,  A'Q  meet 
NP  in  D  and  E ;  prove  that  XD  .  XE-=XP\ 

19.  If  a  tangent  cut  the  major  axis  in  the  point  T,  and  perpen- 
diculars S  F,  HZ  be  let  fall  on  it  from  the  foci,  then 

AT.A'T=YT.ZT. 

20.  In  the  tangent  at  P  a  point  Q  is  taken  such  that  PQ  is  pro- 
portional to  CD  ;  shew  that  the  locus  of  Q  is  an  hyperbola. 

21.  Tangents  are  drawn  to  an  hyperbola,  and  the  portion  of  each 
tangent  intercepted  by  the  asymptotes  is  divided  in  a  constant  ratio  ; 
prove  that  the  locus  of  the  point  of  section  is  an  hyperbola. 

22.  If  the  tangent  and  normal  at  P  meet  the  conjugate  axis  in  t 
and  K  respectively,  prove  that  a  circle  can  be  drawn  through  the  foci 
and  the  three  points  P,  t,  K. 


Shew  also  that 

<1K  :  SK  : 

:  SA 

.AX, 

I 

St  :  tK  : 

;:  BO 

-.cn, 

and 

CD  being  conjugate  to  CP. 

23.  Shew  that  the  points  of  trisection  of  a  series  of  conterminous 
circular  arcs  lie  on  branches  of  two  hyperbolas  ;  and  determine  the 
distance  between  their  centres. 

24.  If  the  tangent  at  any  point  P  cut  an  asymptote  in  T,  and  if 
SP  cut  the  same  asymptote  in  Q,  then  SQ=QT. 

25.  A  series  of  hyperbolas  having  the  same  asymptotes  is  cut  by 
a  straight  line  parallel  to  one  of  the  asymptotes,  and  through  the 
points  of  intersection  lines  are  drawn  parallel  to  the  other,  and  equal 
to  either  semi-axis  of  the  corresponding  hyperbola  :  prove  that  the 
locus  of  their  extremities  is  a  parabola. 

26.  Prove  that  the  rectangle  PY .  PT  in  an  ellipse  is  equal  to 
the  square  on  the  conjugate  axis  of  the  confocal  hyperbola  passing 
through  P. 
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27.  If  the  tangent  at  P  meet  one  asymptote  in  7\  and  a  line  TQ 
be  drawn  parallel  to  the  other  asymptote  to  meet  the  curve  in  Q ;  prove 
that  if  PQ  be  joined  and  produced  both  ways  to  meet  the  asymptotes 
in  R  and  R',  RR'  will  be  trisected  at  the  points  P  and  Q. 

28.  The  tangent  at  a  point  P  of  an  ellipse  meets  the  hyperbola 
having  the  same  axes  as  the  ellipse  in  G  and  D.  If  Q  be  the  middle 
point  of  CD,  prove  that  OQ  and  OP  are  equally  inclined  to  the  axes,  0 
being  the  centre  of  the  ellipse. 

29.  Given  one  asymptote,  the  direction  of  the  other,  and  the 
position  of  one  focus,  determine  the  position  of  the  vertices. 

30.  Two  points  are  taken  on  the  same  branch  of  the  curve,  and  on 
the  same  side  of  the  axis  ;  prove  that  a  circle  can  be  drawn  touching 
the  four  focal  distances. 

31.  Supposing  the  two  asymptotes  and  one  point  of  the  curve  to 
be  given  in  position,  shew  how  to  construct  the  curve  ;  and  find  the 
position  of  the  foci. 

32.  Given  a  pair  of  conjugate  diameters,  construct  the  axes. 

33.  If  PH,  PK  be  drawn  parallel  to  the  asymptotes  from  a  point 
P  on  the  curve,  and  if  a  line  through  the  centre  meet  them  in  R,  T, 
and  the  parallelogram  PRQT  be  completed,  Q  is  a  point  on  the  curve. 

34.  The  ordinate  jYP  at  any  point  of  an  ellipse  is  produced  to  a 
point  Q,  such  that  NQ  is  equal  to  the  subtangent  at  P ;  prove  that  the 
locus  of  Q  is  an  hyperbola. 

35.  If  a  given  point  be  the  focus  of  any  hyperbola,  passing  through 
a  given  point  and  touching  a  given  straight  line,  prove  that  the  locus  of 
the  other  focus  is  an  arc  of  a  fixed  hyperbola. 

36.  An  ellipse  and  hyperbola  are  described,  so  that  the  foci  of 
each  are  at  the  extremities  of  the  transverse  axis  of  the  other  ;  prove 
that  the  tangents  at  their  points  of  intersection  meet  the  conjugate 
axis  in  points  equidistant  from  the  centre. 

37.  A  circle  is  described  about  the  focus  as  centre,  with  a  radius 
equal  to  one-fourth  of  the  latus  rectum  :  prove  that  the  focal  distances 
of  the  points  at  which  it  intersects  the  hyperbola  are  parallel  to  the 
asymptotes. 

38.  The  tangent  at  any  point  forms  a  triangle  with  the  asymptotes : 
determine  the  locus  of  the  point  of  intersection  of  the  straight  lines 
drawn  from  the  angles  of  this  triangle  to  bisect  the  opposite  sides. 

39.  If  ST,  S'Y'  be  the  perpendiculars  on  the  tangent  at  P,  a  circle 
can  be  drawn  through  the  points  Y,  Y',  X,  C. 

40.  The  straight  lines  joining  each  focus  to  the  foot  of  the  per- 
pendicular from  the  other  focus  on  the  tangent  meet  on  the  normal  and 
bisect  it. 
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41.  If  the  tangent  and  normal  at  P  meet  the  axis  in  T  and  G, 
NG.GT=BGi. 

42.  If  the  tangent  at  P  meet  the  axes  in  T  and  t,  the  angles  PSt, 
STP  are  supplementary. 

43.  If  the  tangent  at  P  meet  any  conjugate  diameters  in  T  and  i, 
the  triangles  SPT,  S'Pt  are  similar. 

44.  If  the  diameter  conjugate  to  OP  meet  .ST  and  S'P  in  E  and 
E',  prove  that  the  circles  about  the  triangles  SOE,  S'CE'  are  equal. 

45.  The  locus  of  the  centre  of  the  circle  inscribed  in  the  triangle 
SPS'  is  a  straight  line. 

46.  If  Py  be  an  ordinate,  and  NQ  parallel  to  AP  meet  CP  in  Q, 
AQ  is  parallel  to  the  tangent  at  P. 

47.  If  an  asymptote  meet  the  directrix  in  D,  and  the  tangent  at 
the  vertex  in  E,  AD  is  parallel  to  SE. 

48.  The  radius  of  the  circle  touching  the  curve  and  its  asymptotes 
is  equal  to  the  portion  of  the  latus  rectum  produced,  between  its 
extremity  and  the  asymptote. 

49.  If  G  be  the  foot  of  the  normal,  and  if  the  tangent  meet  the 
asymptotes  in  L  and  3f,  GL=GM. 

50.  With  two  conjugate  diameters  of  an  ellipse  as  asymptotes,  a 
pair  of  conjugate  hyperbolas  is  constructed  :  prove  that  if  one  hyper- 
bola touch  the  ellipse,  the  other  will  do  so  likewise ;  prove  also  that  the 
diameters  drawn  through  the  points  of  contact  are  conjugate  to  each 
other. 

51.  If  two  tangents  be  drawn  the  lines  joining  their  intersections 
with  the  asymptotes  will  be  parallel.  / 

52.  The  locus  of  the  centre  of  the  circle  touching  >S7J,  S'P  pro- 
duced, and  the  major  axis,  is  an  hyperbola. 

53.  If  from  a  point  P  in  an  hyperbola,  PK  be  drawn  parallel  to 
an  asymptote  to  meet  the  directrix  in  A",  then  PK=SP. 

54.  If  PD  be  drawn  parallel  to  an  asymptote,  to  meet  the  con- 
jugate hyperbola  in  D,  CP  and  CD  are  conjugate  diameters. 

55.  If  QR  be  a  chord  parallel  to  the  tangent  at  P,  and  if  <jL,  P.Y, 
RM  be  drawn  parallel  to  one  asymptote  to  meet  the  other, 

cl  .  cm=  cm. 

56.  If  a  circle  touch  the  transverse  axis  at  a  focus,  and  pass 
through  one  end  of  the  conjugate,  the  chord  intercepted  by  the 
conjugate  is  a  third  proportional  to  the  conjugate  and  transverse 
semi-axes. 
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57.  A  line  through  one  of  the  vertices,  terminated  by  two  lines 
drawn  through  the  other  vertex  parallel  to  the  asymptotes,  is  bisected 
at  the  other  point  where  it  cuts  the  curve. 

58.  If  PSQ  be  a  focal  chord,  and  if  the  tangents  at  P  and  Q  meet 
in  T,  the  difference  between  PTQ  and  half  PS'Q  is  a  right  angle. 

59.  If  a  straight  line  passing  through  a  fixed  point  G  meet  two 
fixed  lines  OA,  OB  in  .1  and  B,  and  if  P  be  taken  in  AB  such  that 
CP2  =  CA  .  CB,  the  locus  of  P  is  an  hyperbola,  having  its  asymptotes 
parallel  to  OA,  OB. 

60.  If  from  the  points  P  and  Q  in  an  hyperbola  there  be 
drawn  PL,  QM  parallel  to  each  other  to  meet  one  asymptote,  and 
PR,  QN  also  parallel  to  each  other  to  meet  the  other  asymptote, 
PL.PR  =  QM.  QN. 

61.  Prove  that  the  locus  of  the  point  of  intersection  of  two 
tangents  to  a  parabola  which  cut  at  a  constant  angle  is  an  hyperbola, 
and  that  the  angle  between  its  asymptotes  is  double  the  external  angle 
between  the  tangents. 

62.  An  ordinate  VQ  of  any  diameter  CP  is  produced  to  meet  the 
asymptote  in  R,  and  the  conjugate  hyperbola  in  Q' ;  prove  that 

QY2+Q'V2  =  2RV2. 

Prove  also  that  the  tangents  at  Q  and  Q'  meet  the  diameter  CP  in 
points  equidistant  from  C. 

63.  A  chord  QPL  meets  an  asymptote  in  L,  and  a  tangent  from  L 
is  drawn  touching  at  R;  if  PM,  RE,  QN,  be  drawn  parallel  to  the 
asymptote  to  meet  the  other, 

PM+QN=2 .  RE. 

64.  Tangents  are  drawn  from  any  point  in  a  circle  through  the 
foci;  prove  that  the  lines  bisecting  the  angle  between  the  tangents, 
or  between  one  tangent  and  the  other  produced,  all  pass  through  a 
fixed  point. 

65.  If  a  circle  through  the  foci  meet  two  confocal  hyperbolas 
in  P  and  Q,  the  angle  between  the  tangents  at  P  and  Q  is  equal 
to  PSQ. 

66.  If  SY,  S'  T'  be  perpendiculars  on  the  tangent  at  P,  and  if  PN 
be  the  ordinate,  the  angles  PNY,  PNY'  are  supplementary. 

67.  Find  the  position  of  P  when  the  area  of  the  triangle  YCY'  is 
the  greatest  possible,  and  shew  that,  in  that  case, 

PN  .SC=BC2. 

68.  If  the  tangent  at  P  meet  the  conjugate  axis  in  t,  the  areas  of 
the  triangles  SPS1,  StS'  are  in  the  ratio  of  CD-  :  St2. 
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b'9.  If  tST,  SZ  be  perpendiculars  on  two  tangents  which  meet  in  T, 
YZ  is  perpendicular  to  S'T. 

70.  A  circle  passing  through  a  focus,  and  having  its  centre  on  the 
transverse  axis,  touches  the  curve ;  shew  that  the  focal  distance  of  the 
point  of  contact  is  equal  to  the  Latus  Rectum. 

71.  If  CQ  be  conjugate  to  the  normal  at  P,  then  is  CP  conjugate 
to  the  normal  at  Q. 

72.  From  a  point  in  the  auxiliary  circle  lines  are  drawn  touching 
the  curve  in  P  and  P' ;  prove  that  &'P,  S'P  are  parallel. 

73.  If  any  hyperbola  is  drawn  confocal  with  a  given  ellipse,  and 
if  PN  is  the  ordinate  of  a  point  of  intersection  of  the  hyperbola  with 
the  ellipse,  and  NT  the  tangent  from  N  to  the  auxiliary  circle  of  the 
hyperbola,  prove  that  the  angle  PNT  is  always  the  same. 

74.  Find  the  locus  of  the  points  of  contact  of  tangents  to  a  series 
of  confocal  hyperbolas  from  a  fixed  point  in  the  axis. 

75.  Tangents  to  an  hyperbola  are  drawn  from  any  point  in  one 
of  the  branches  of  the  conjugate,  shew  that  the  chord  of  contact  will 
touch  the  other  branch  of  the  conjugate. 

76.  An  ordinate  NP  meets  the  conjugate  hyperbola  in  Q;  prove 
that  the  normals  at  P  and  Q  meet  on  the  transverse  axis. 

77.  A  parabola  and  an  hyperbola  have  a  common  focus  S  and 
their  axes  in  the  same  direction.  If  a  line  SPQ  cut  the  curves  in  P 
and  Q,  the  angle  between  the  tangents  at  P  and  Q  is  equal  to  half  the 
angle  between  the  axis  and  the  other  focal  distance  of  the  hyperbola. 

78.  If  an  hyperbola  be  described  touching  the  four  sides  of  a 
quadrilateral  which  is  inscribed  in  a  circlevand  one  focus  lie  on  the 
circle,  the  other  focus  will  also  lie  on  the  circle. 

79.  A  conic  section  is  drawn  touching  the  asymptotes  of  an 
hyperbola.  Prove  that  two  of  the  chords  of  intersection  of  the 
curves  are  parallel  to  the  chord  of  contact  of  the  conic  with  the 
asymptotes. 

80.  A  parabola  P  and  an  hyperbola  H  have  a  common  focus, 
and  the  asymptotes  of  H  are  tangents  to  P;  prove  that  the  tangent 
at  the  vertex  of  P  is  a  directrix  of  //,  and  that  the  tangent  to  P 
at  the  point  of  intersection  passes  through  the  further  vertex  of  //. 

81.  From  a  given  point  in  an  hyperbola  draw  a  straight  line 
such  that  the  segment  intercepted  between  the  other  intersection 
with  the  hyperbola  and  a  given  asymptote  shall  be  equal  to  a 
given  line. 

When  does  the  problem  become  impossible  ? 
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82.  If  an  ellipse  and  a  ccmfocal  hyperbola  intersect  in  P,  an 
asymptote  passes  through  the  point  on  the  auxiliary  circle  of  the 
ellipse  corresponding  to  P. 

83.  P  is  a  point  on  an  hyperbola  whose  foci  are  S  and  H;  another 
hyperbola  is  described  whose  foci  are  S  and  P,  and  whose  transverse 
axis  is  equal  to  SP-  2PH:  shew  that  the  hyperbolas  will  meet  only  at 
one  point,  and  that  they  will  have  the  same  tangent  at  that  point. 

84.  A  point  D  is  taken  on  the  axis  of  an  hyperbola,  of  which  the 
eccentricity  is  2,  such  that  its  distance  from  the  focus  S  is  equal  to 
the  distance  of  S  from  the  further  vertex  A' ;  P  being  any  point  on  the 
curve,  A'P  meets  the  latus  rectum  in  K.  Prove  that  I)K  and  SP 
intersect  on  a  certain  fixed  circle. 

85.  Shew  that  the  locus  of  the  point  of  intersection  of  tangents 
to  a  parabola,  making  with  each  other  a  constant  angle  equal  to  half  a 
right  angle,  is  an  hyperbola. 

86.  The  tangent  and  normal  at  any  point  intersect  the  asymptotes 
and  axes  respectively  in  four  points  which  lie  on  a  circle  passing 
through  the  centre  of  the  curve. 

The  radius  of  this  circle  varies  inversely  as  the  perpendicular  from 
the  centre  on  the  tangent. 

87.  The  difference  between  the  sum  of  the  squares  of  the  distances 
of  any  point  from  the  ends  of  any  diameter  and  the  sum  of  the  squares 
of  its  distances  from  the  ends  of  the  conjugate  is  constant. 

88.  If  a  tangent  meet  the  asymptotes  in  L  and  J/,  the  angle 
subtended  by  LM  at  the  farther  focus  is  half  the  angle  between  the 
asymptotes. 

89.  If  PX  be  the  ordinate  of  P,  and  PT  the  tangent,  prove  that 
SP  :  ST  ::  AN  :  AT. 

90.  If  an  ellipse  and  an  hyperbola  are  confocal,  the  asymptotes 
pass  through  the  points  on  the  auxiliary  circle  of  the  ellipse  which 
correspond  to  the  points  of  intersection  of  the  two  curves. 

91.  Two  adjacent  sides  of  a  quadrilateral  are  given  in  magnitude 
and  position ;  if  the  quadrilateral  be  such  that  a  circle  can  be  inscribed 
in  it,  the  locus  of  the  point  of  intersection  of  the  other  two  sides  is 
an  hyperbola. 

92.  The  tangent  at  P  meets  the  conjugate  axis  in  t,  and  tQ  is 
perpendicular  to  SP ;  prove  that  SQ  is  of  constant  length. 

93.  An  hyperbola,  having  a  given  transverse  axis,  has  one  focus 
fixed,  and  always  touches  a  given  straight  line ;  the  locus  of  the  other 
focus  is  a  circle. 

94.  A  chord  PRVQ  meets  the  directrices  in  II  and  V ;  shew  that 
PR  and  VQ  subtend,  each  at  the  focus  nearer  to  it,  angles  of  which  the 
sum  is  equal  to  the  angle  between  the  tangents  at  P  and  Q. 
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95.  A  circle  is  drawn  touching  the  transverse  axis  of  an  hyperbola 
at  its  centre,  and  also  touching  the  curve;  prove  that  the  diameter 
conjugate  to  the  diameter  through  either  point  of  contact  is  equal  to 
the  distance  between  the  foci. 

96.  A  parabola  is  described  touching  the  conjugate  axes  of  an 
hyperbola  at  their  extremities ;  prove  that  one  asymptote  is  parallel  to 
the  axis  of  the  parabola,  and  that  the  other  asymptote  is  parallel  to 
the  chords  of  the  parabola  bisected  by  the  first. 

If  a  straight  line  parallel  to  the  second  asymptote  meet  the  hyper- 
bola and  its  conjugate  in  P,  P',  and  the  parabola  in  Q,  Q',  it  may  be 
shewn  that  PQ =FQ'. 

97.  If  two  points  E  and  E'  be  taken  in  the  normal  PQ  such  that 
]>E=PE'  =  CD,  the  loci  of  E  and  E'  are  hyperbolas  having  their  axes 
equal  to  the  sum  and  difference  of  the  axes  of  the  given  hyperbola. 

98.  If  two  tangents  are  drawn  to  the  same  branch  of  an  hyperbola, 
the  external  angle  between  them  is  half  the  difference  between  the 
angles  which  the  chord  of  contact  subtends  at  the  foci. 

If  the  tangents  are  drawn  to  opposite  branches,  the  angle  between 
them  is  half  the  sum,  or  half  the  difference,  of  these  angles  according  as 
the  points  of  contact  are  on  the  same  or  on  opposite  sides  of  the 
transverse  axis. 

99.  Parabolas  are  drawn  passing  through  two  fixed  points  A  and 
B,  and  having  their  axes  in  a  given  direction ;  find  the  locus  of  the  foci, 
and,  if  a  tangent  be  drawn  at  right  angles  to  AB,  prove  that  the  locus 
of  its  point  of  contact  P  is  an  hyperbola. 

100.  Tangents  are  drawn  from  a  point  T  to  an  hyperbola  whose 
centre  is  C,  and  CT  produced  meets  the  hyperbola  in  P  and  the  chord 
of  contact  of  the  tangents  in  V.  If  CD  be  the  diameter  conjugate  to 
CP,  and  J)T,  D  V  meet  the  tangent  at  P  in  K  and  U,  prove  that  the 
triangles  PUV,  TPK  are  equal  in  area. 

101.  One  asymptote  and  three  points  P,  Q,  R  of  an  hyperbola  are 
given,  construct  the  other  asymptote. 

102.  If  an  ellipse  be  described  having  its  centre  on  a  given 
hyperbola,  its  foci  on  the  asymptotes,  and  passing  through  the  centre 
of  the  hyperbola,  prove  that  the  minor  axis  of  the  ellipse  is  equal  to 
the  major  axis  of  the  hyperbola,  and  the  ellipse  touches  the  minor  axis 
of  the  hyperl  >ola. 

103.  The  angular  point  A  of  a  triangle  ABC  is  fixed,  and  the 
angle  .1  is  given,  while  the  points  B  and  C  move  on  a  fixed  straight 
line  ;  prove  that  the  locus  of  the  centre  of  the  circle  circumscribing  the 
triangle  is  an  hyperbola,  and  that  the  envelope  of  the  circle  is  another 
circle. 

104.  Given  an  asymptote  CQ  and  two  points  on  an  hyperbola, 
P,  p  on  the  curve,  shew  that  the  envelope  of  the  axes  is  a  parabola. 
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105.  Find  the  locus  of  the  middle  points  of  a  system  of  chords  of 
an  hyperbola,  passing  through  a  fixed  point  on  one  of  the  asymptotes. 

106.  If  a  conic  be  described  having  for  its  axes  the  tangent  and 
normal  at  any  point  of  a  given  ellipse,  and  touching  at  its  centre  the 
axis-major  of  the  given  ellipse,  and  if  another  conic  be  described  in 
the  same  manner,  but  touching  the  minor  axis  at  the  centre,  prove 
that  the  foci  of  these  conies  lie  in  two  circles  concentric  with  the 
given  ellipse,  and  having  their  diameters  equal  to  the  sum  and 
difference  of  its  axes. 

107.  An  ellipse  and  an  hyperbola  are  confocal ;  if  a  tangent  to 
one  intersect  at  right  angles  a  tangent  to  the  other,  the  locus  of  the 
point  of  intersection  is  a  circle. 

Shew  also  that  the  difference  of  the  squares  on  the  distances  from 
the  centre  of  parallel  tangents  is  constant. 

108.  If  a  circle  passing  through  any  point  P  of  the  curve,  and 
having  its  centre  on  the  normal  at  P,  meets  the  curve  again  in  ty  and 
/»',  the  tangents  at  Q  and  R  intersect  on  a  fixed  straight  line. 

109.  If  the  tangent  at  P  meet  an  asymptote  in  T,  the  angle 
between  that  asymptote  and  S'P  is  double  the  angle  STP. 

110.  Four  tangents  to  an  hyperbola  form  a  rectangle.  If  one  side 
A B  of  the  rectangle  intersect  a  directrix  in  F,  and  S  be  the  correspond- 
ing focus,  the  triangles  FSA,  FBS  are  similar. 

111.  An  ellipse  and  hyperbola  have  the  same  transverse  axis, 
and  their  eccentricities  are  the  reciprocals  of  one  another ;  prove  that 
the  tangents  to  each  through  the  focus  of  the  other  intersect  at  right 
angles  in  two  points  and  also  meet  the  conjugate  axis  on  the  auxiliary 
circle. 

112.  AG  A'  and  BCB'  are  the  transverse  and  conjugate  axes  of  an 
ellipse,  of  which  S  and  S'  are  the  foci.  P  is  one  of  the  points  of 
intersection  of  this  ellipse  and  a  confocal  hyperbola,  and  aCa'  is  the 
transverse  axis  of  the  hyperbola. 

Prove  that         SP=Aa,  S'P=A'a,  and  aB=CP. 

113.  Prove  that  HA,  B  and  S  are  three  given  points,  two  parabolas 
can  be  drawn  through  A  and  B  with  S  as  focus,  and  that  the  axes  of 
these  parabolas  are  parallel  to  the  asymptotes  of  the  hyperbola  which 
can  be  drawn  through  S  with  its  foci  at  A  and  B. 


CHAPTER  V. 
The  Rectangular  Hyperbola. 

If  the  axes  of  an  hyperbola  be  equal,  the  angle  between  the 
asymptotes  is  a  right  angle,  and  the  curve  is  called  equilateral 
or  rectangular. 

135.  Prop.  I.     In  a  rectangular  hyperbola 

GS2  =  2AC2,  and  SA2  =  2AX2. 

For  CS2  =  AG2  +  BC2  =  2  A  G2, 

and  SA   :  AX  ::  SO  :  AG; 

/.  SA2  =  2AX\ 

Observe  that,  in  the  figure  of  Art.  102,  SDG  is  an  isos- 
celes triangle,  since  , 

SD  =  BG,  and  GD=AG, 

and  therefore  SD  =  DC. 

136.  Prop.  II.  The  asymptotes  of  a  rectangular  hyperbola 
bisect  the  angles  between  any  pair  of  conjugate  diameters. 

For,  in  a  rectangular  or  equilateral  hyperbola, 

GA  =  GB, 
and  therefore,  since  OF2  -  GD2  =  GA2  -  ( 'B\ 

CP=GD, 
GP,  GD  being  any  conjugate  semi-diameters. 
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Also,  in  the  figure  of  Art.  123,  the  parallelogram  GPLD 
is  a  rhombus,  and  therefore  GL  bisects  the  angle  PCD. 

Cor.  Supplemental  chords  are  equally  inclined  to  the 
asymptotes,  for  they  are  parallel  to  conjugate  diameters. 

137.  Prop.  III.  If  CY  be  the  'perpendicular  from  the 
centre  on  the  tangent  at  P,  the  angle  PGY  is  bisected  by  the 
transverse  axis,  and  half  the  transverse  axis  is  a  mean  propor- 
tional between  CY  and  CP. 


For  the  angle  PCL  =  DCL 
=  YCL' ; 
.-.  PGA  =  AGY. 

Hence  it  follows  that  the 
triangles  PGN,  TGY&ve  similar, 
and  that 

GY  :  GT  ::  ON  :  GP ; 

.-.  GY.  GP=CT.  GN  =  AG\ 

Hence  also,  if  we  join  PA 
and  AY,  we  observe  that  the 
triangles  PAG,  AYC  are 
similar. 


138.  Prop.  IV.  Diameters  at  right  angles  to  each  other 
are  equal. 

Let  CP,  GP'  be  semi-diameters  at  right  angles  to  each 
other,  and  CD  conjugate  to  CP. 

Then,  if  GL,  CL  be  the  asymptotes, 

the  angle  PCL'  =  PCL  =  DCL  ; 

.-.  CP'  =  CD  =  CP. 

Hence  it  follows,  by  help  of  the  theorem  of  Art.  120,  that 
focal  chords  at  right  angles  to  each  other  are  equal,  and  that 
focal  chords  parallel  to  conjugate  diameters  are  equal. 
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139.  Prop.  V.  If  the  normal  at  P  meet  the  axes  in  G 
and  g, 

CN  =  NG  and  PG  =  Pg  =  CD, 

CD  being  conjugate  to  GP. 

For  (Art.  115)  NG  :  CN  ::  BC2  :  AC2 ; 

.-.  NG  =  CK 
Also         PF  .PG  =  BC2  and  PF  .Pg  =  AC2; 

:.PG  =  Pg. 
Further  (Art.  128)  PG  :  CD  ::  BC  :  AC; 
:.PG  =  CD  =  CP. 

140.  Prop.  VI.  If  QV  be  an  ordinate  of  a  diameter 
PCp, 

QV2  =  PV.  Vp. 

For  QV2:PV.Vp::  CD2  :  CP2, 

and  CD  =  CP; 

QV2  =  PV.Vp  =  CV2  -  CP2. 

141.  Prop.  VII.  The  angle  between  a  chord  PQ,  and 
the  tangent  at  P,  is  equal  to  the  angle  subtended  by  PQ  at  the 
other  extremity  of  the  diameter  through  P. 


Let  PQ  and  the  tangent  at  P  meet  the  asymptote  in  I 
and  L.     Then,  if  CV  be  conjugate  to  PQ, 

the  angle  LPQ  =  PLC-  VIC  =  LCP  -  VCl 

=  VCP  =  QpP. 
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in  V 


Or  thus,  let  QU  parallel   to  the  tangent  at  P,  meet  CP  produced 


Then 


QU*=PU.  Up, 

QU  :   PC  ::    Up   :    UQ. 


Therefore   the   triangles   PQU,    QUp   are   similar,    and   the   angle 
QpU=PQU=LPQ. 

If  P  and  Q  are  on  opposite  branches  of  the  curve,  the 
same  proof  shews  that 

the  angle  Qp  U  =  UQP  =  LPQ ; 

.:QPL'  =  QpP. 


If  QP  is  the  normal  at  P,  it  follows  that  QP  subtends  a 
right  angle  at  the  other  end  of  the  diameter  through  P. 

142.     Prop.  VIII.     Any  chord  subtends,  at  the  ends  of 
any  diameter,  angles  which  are  equal  or  supplementary. 

This  theorem  divides  itself 
into  four  cases,  which  are 
shewn  in  the  appended  figures. 

Let  QR  be  the  chord,  and 
Pp  the  diameter.  Then,  if  LP 
be  the  tangent  at  P,  fig.  (1), 

the  angle  LPQ  =QpP, 
and  LPR  =  EpP; 

.:  QPR  =  QpR. 

B.  C.  S. 
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In  fig.  (2),  if  pi  be  the  tangent  at  p,  parallel  to  PL, 
QpR  =  Qpl  +  lpR  =  Qpl  +pPR, 


and  QPR  =  QPL  +  LPR  =  QpP  +  LPR ; 

.-.  QpR  +  QPR  =  IpP  +  LPp, 

that  is,   QpR  and    QPR   are    together  equal   to   two 
angles. 

In  fig.  (3) 
QPR  =  QPL  +  LPp  +pPR 
=  QpP  +  Ppl  +  lpR 
=  QpR. 

In  fig.  (4)  QPL  =  QpP,  and  RPL'  =  RpP ; 
.-.QpR  =  QPL  +  RPL': 

therefore  QpR  and   QPR   are   to- 
gether equal  to  two  right  angles. 

Hence  it  will  be  seen  that 
when  QR,  or  QR  produced,  meet 
the  diameter  Pp  between  P  and 
p,  the  angles  subtended  at  P  and 
p  are  equal ;  in  other  cases  they 
are  supplementary. 

In  the  cases  of  the  second  and 
third  figures,  if  one  of  the  angles  QPR  is  a  right 
the  other  angle  QpR  is  also  a  right  angle.  The  forn- 
ix, P,  p,  R  are  then  concyclic,  and  QR  is  a  diameter 
circle. 


right 


angle, 
points 
of  the 
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143.  Prop.  IX.  If  a  rectangular  hyperbola  circumscribe 
a  triangle,  it  passes  through  the  ortho-centre. 

Note.  The  orthocentre  is  the  point  of  intersection  of  the 
perpendiculars  from  the  angular  points  on  the  opposite  sides. 

If  0  be  the  orthocentre,  the 
triangles  LOP,  LQR  are  similar, 
and 

LO  :LP::LQ  :  LR; 

:.L0.  LR  =  LP .  LQ. 

But,  if  a  rectangular  hyper- 
bola pass  through  P,  Q,  R,  the 
diameters  parallel  to  LR,  PQ  are 
equal :  hence  0  is  a  point  on  the  curve. 

If  the  angle  PRQ  is  a  right  angle,  the  line  ROL  will  be 
the  tangent  to  the  curve  at  R,  so  that  if  a  rectangular- 
hyperbola  pass  through  the  angular  points  of  a  right-angled 
triangle,  the  hypothenuse  will  be  parallel  to  the  normal  at  the 
right-angle  vertex. 

144.  Prop.  X.  If  a  rectangular  hyperbola  circumscribe 
a  triangle,  the  locus  of  its  centre  is  the  nine-point  circle  of  the 
triangle. 


If  PQR  be  the  triangle,  let  L,  L'  be  the  points  in 
an  asymptote  meets  the  sides  PQ,  PR. 


'hich 
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Join  G,  the  centre  of  the  hyperbola,  with  E  and  F,  the 
middle  points  of  PR  and  PQ. 

Then  CF  is  conjugate  to  PQ,  and  GE  to  Pii ;  therefore 
the  angle 

FGE  =  FGL  +  L'GE  =  GLF  +  EL'G 

=  PLL'  +  PL'L  =  FPE 

=  FDE, 

if  D  be  the  middle  point  of  QR. 

.'.  D,  E,  F,  G  are  concyclic ;  that  is,  G  lies  on  the  nine- 
point  circle. 

A  similar  proof  is  applicable  to  the  case  in  which  the 
points  P,  Q,  R  lie  on  the  same  branch  of  the  hyperbola. 
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1.  POP  is  a  transverse  diameter,  and  QV  an  ordinate  ;  shew  that 
Q  V  is  the  tangent  at  Q  to  the  circle  circumscribing  the  triangle  PQp. 

2.  If  the  tangent  at  P  meet  the  asymptotes  in  L  and  J/,  and  the 
normal  meet  the  transverse  axis  in  G,  a  circle  can  be  drawn  through 
C,  L,  M,  and  G,  and  LGM  is  a  right  angle. 

3.  If  AA'  be  any  diameter  of  a  circle,  PP'  any  ordinate  to  it,  then 
the  locus  of  the  intersections  of  AP,  A'P'  is  a  rectangular  hyperbola. 

4.  Given  an  asymptote  and  a  tangent  at  a  given  point,  construct 
the  rectangular  hyperbola. 

5.  The  points  of  intersection  of  an  ellipse  and  a  confocal  rectangular 
hyperbola  are  the  extremities  of  the  equi-conjugate  diameters  of  the 
ellipse. 

6.  If  CP,  CD  be  conjugate  semi-diameters,  and  PN,  DM  ordinates 
of  any  diameter,  the  triangles  PCjY,  DCM  are  equal  in  all  respects. 

7.  The  distance  of  any  point  from  the  centre  is  a  geometric  mean 
between  its  distances  from  the  foci. 
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8.  If  P  be  a  point  on  an  equilateral  hyperbola,  and  if  the  tangent 
at  Q  meet  OP  in  T,  the  circle  circumscribing  CTQ  touches  the  ordinate 
QV  conjugate  to  CP. 

9.  If  a  circle  be  described  on  SS'  as  diameter,  the  tangents  at  the 
vertices  will  intersect  the  asymptotes  in  the  circumference. 

10.  If  two  concentric  rectangular  hyperbolas  be  described,  the 
axes  of  one  being  the  asymptotes  of  the  other,  they  will  intersect  at 
right  angles. 

11.  If  the  tangents  at  two  points  Q  and  (/  meet  in  T,  and  if  CQ, 
CQ'  meet  these  tangents  in  R  and  R',  the  points  R,  T,  R',  C  are  con- 
cyclic. 

12.  If  from  a  point  Q  in  the  conjugate  axis  QA  be  drawn  to  the 
vertex,  and  QB  parallel  to  the  transverse  axis  to  meet  the  curve, 
QB=AQ. 

13.  Straight  lines,  passing  through  a  given  point,  are  bounded  by 
two  fixed  lines  at  tight  angles  to  each  other ;  find  the  locus  of  their 
middle  points. 

14.  Given  a  point  Q  and  a  straight  line  AB,  if  a  line  QCP  be 
drawn  cutting  AB  in  C,  and  P  be  taken  in  it,  so  that,  Pl>  being  a 
perpendicular  upon  AB,  CD  may  be  of  constant  magnitude,  the  locus 
of  P  is  a  rectangular  hyperbola. 

15.  Every  conic  passing  through  the  centres  of  the  four  circles 
which  touch  the  sides  of  a  triangle,  is  a  rectangular  hyperbola. 

16.  Ellipses  are  inscribed  in  a  given  parallelogram,  shew  that  their 
foci  lie  on  a  rectangular  hyperbola. 

17.  If  two  focal  chords  be  parallel  to  conjugate  diameters,  the  lines 
joining  their  extremities  intersect  on  the  asymptotes. 

18.  If  P,  Q  be  two  points  of  a  rectangular  hyperbola,  centre  0, 
and  QjY  the  perpendicular  let  fall  on  the  tangent  at  P,  the  circle 
through  0,  N,  and  P  will  pass  through  the  middle  point  of  the  chord 
P,  Q. 

19.  Having  given  the  centre,  a  tangent,  and  a  point  of  a  rectangular 
hyperbola,  construct  the  asymptotes. 

20.  If  a  right-angled  triangle  be  inscribed  in  the  curve,  the  normal 
at  the  right  angle  is  parallel  to  the  hypothenuse. 

21.  On  opposite  sides  of  any  chord  of  a  rectangular  hyperbola  are 
described  equal  segments  of  circles;  shew  that  the  four  points,  in  which 
the  circles,  to  which  these  segments  belong,  again  meet  the  hyperbola, 
are  the  angular  points  of  a  parallelogram. 

22.  Two  lines  of  given  lengths  coincide  with  and  move  along  two 
fixed  lines,  in  such  a  manner  that  a  circle  can  always  be  drawn  through 
their  extremities  ;  the  locus  of  the  centre  is  a  rectangular  hyperbola. 
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23.  If  a  rectangular  hyperbola,  having  its  asymptotes  coincident 
with  the  axes  of  an  ellipse,  touch  the  ellipse,  the  axis  of  the  hyperbola 
is  a  mean  proportional  between  the  axes  of  the  ellipse. 

24.  The  tangent  at  a  point  P  of  a  rectangular  hyperbola  meets  a 
diameter  QCQf  in  T.    Shew  that  CQ  and  TQ'  subtend  equal  angles  at  P. 

25.  If  A  be  any  point  in  a  rectangular  hyperbola,  of  which  0  is  the 
centre,  BOC  the  straight  line  through  0  at  right  angles  to  OA,  D  any 
other  point  in  the  curve,  and  DB,  DC  parallel  to  the  asymptotes,  prove 
that  B,  D,  A,  C  are  concyclic. 

26.  The  angle  subtended  by  any  chord  at  the  centre  is  the  supple- 
ment of  the  angle  between  the  tangents  at  the  ends  of  the  chord. 

27.  If  two  rectangular  hyperbolas  intersect  in  A,  B,  C,  D  ;  the 
circles  described  on  AB,  CD  as  diameters  intersect  each  other  ortho- 
gonally. 

28.  Prove  that  the  triangle,  formed  by  the  tangent  at  any  point 
and  its  intercepts  on  the  axes,  is  similar  to  the  triangle  formed  by  the 
straight  line  joining  that  point  with  the  centre,  and  the  abscissa  and 
ordinate  of  the  point. 

29.  The  angle  of  inclination  of  two  tangents  to  a  parabola  is  half 
a  right  angle  ;  prove  that  the  locus  of  their  point  of  intersection  is  a 
rectangular  hyperbola,  having  one  focus  and  the  corresponding  directrix 
coincident  with  the  focus  and  directrix  of  the  parabola. 

30.  P  is  a  point  on  the  curve,  and  PM,  PjY  are  straight  lines 
making  equal  angles  with  one  of  the  asymptotes  ;  if  AfP,  NP  be  pro- 
duced to  lueet  the  curve  in  P'  and  Q',  then  !''(/  passes  through  the 
centre. 

31.  A  circle  and  a  rectangular  hyperbola  intersect  in  four  points 
and  one  of  their  common  chords  is  a  diameter  of  the  hyperbola  ;  shew 
that  the  other  common  chord  is  a  diameter  of  the  circle. 

32.  AB  is  a  chord  of  a  circle  and  a  diameter  of  a  rectangular 
hyperbola  ;  P  any  point  on  the  circle  ;  AP,  BP,  produced  if  necessary, 
meet  the  hyperbola  in  Q,  Q',  respectively  ;  the  point  of  intersection  of 
BQ,  AQ'  will  be  on  the  circle. 

33.  PP'  is  any  diameter,  Q  any  point  on  the  curve,  PR,  PR'  are 
drawn  at  right  angles  to  PQ,  PQ  respectively,  intersecting  the  normal 
at  (J  in  R,  R' ;  prove  that  (jR  and  QR'  are  equal. 

34.  Parallel  tangents  are  drawn  to  a  series  of  confocal  ellipses ; 
prove  that  the  locus  of  the  points  of  contact  is  a  rectangular  hyjierbola 
having  one  of  its  asymptotes  parallel  to  the  tangents. 

35.  If  tangents,  parallel  to  a  given  direction,  are  drawn  to  a 
system  of  circles  passing  through  two  fixed  points,  the  points  of  contact 
lie  on  a  rectangular  hyperbola. 
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36.  If  from  a  point  P  on  the  curve  chords  are  equally  inclined  to 
the  asymptotes,  the  line  joining  their  other  extremities  passes  through 
the  centre. 

37.  From  the  point  of  intersection  of  the  directrix  with  one  of 
the  asymptotes  of  a  rectangular  hyperbola  a  tangent  is  drawn  to  the 
curve  and  meets  the  other  asymptote  in  T :  shew  that  CTia  equal  to 
the  transverse  axis. 

38.  The  normals  at  the  ends  of  two  conjugate  diameters  intersect 
on  the  asymptote,  and  are  parallel  to  another  pair  of  conjugate 
diameters. 

39.  If  the  base  A  B  of  a  triangle  ABC  be  fixed,  and  if  the  differ- 
ence of  the  angles  at  the  base  is  constant,  the  locus  of  the  vertex  is  a 
rectangular  hyperbola. 

40.  A  circle  described  through  the  angular  points  A,  B  of  a  given 
triangle  ABC  meets  AC  in  D.  If  BD  meet  the  tangent  at  A  in  P, 
shew  that  the  vertex  and  orthocentre  of  the  triangle  APB  lie  on  fixed 
rectangular  hyperbolas. 

41.  The  locus  of  the  point  of  intersection  of  tangents  to  an  ellipse 
which  make  equal  angles  with  the  transverse  and  conjugate  axes 
respectively,  and  are  not  at  right  angles,  is  a  rectangular  hyperbola 
whose  vertices  are  the  foci  of  the  ellipse. 

42.  If  OT  is  the  tangent  at  the  point  0  of  a  rectangular  hyperbola, 
and  PQ  a  chord  meeting  it  at  right  angles  in  T,  the  two  bisectors  of 
the  angle  OCT  bisect  OP  and  0Q. 

43.  With  two  sides  of  a  square  as  asymptotes,  and  the  opposite 
point  as  focus,  a  rectangular  hyperbola  is  described ;  prove  that  it 
bisects  the  other  sides. 

44.  With  the  focus  S  of  a  rectangular  hyperbola  as  centre  and 
radius  equal  to  SC  a  circle  is  described,  prove  that  it  touches  the 
conjugate  hyperbola. 

45.  If  parallel  normal  chords  are  drawn  to  a  rectangular  hyper- 
bola, the  diameter  bisecting  them  is  perpendicular  to  the  join  of  their 
feet. 

46.  From  the  foot  of  the  ordinate  PJV  of  a  point  P  of  a  rectangular 
hyperbola,  tangents  XQ,  J\TR  are  drawn  to  the  circle  on  A  A'  as 
diameter.  Prove  that  PQ  passes  through  A',  and  PR  through  A,  and 
that,  if  QR  intersect  A  A'  in  M,  PM  is  the  tangent  at  P. 

47.  Shew  that  the  angle  between  two  tangents  to  a  rectangular 
hyperbola  is  equal  or  supplementary  to  the  angle  which  their  chord  of 
contact  subtends  at  the  centre,  and  that  the  bisectors  of  these  angles 
meet  on  the  chord  of  contact. 
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48.  Through  a  point  P  on  an  equilateral  hyperbola  two  lines  are 
drawn  parallel  to  a  pair  of  conjugate  diameters ;  the  one  meeting  the 
curve  in  P,  P',  and  the  other  meeting  the  asymptotes  in  Q,  (/ ;  shew 

that  pp  =  qq. 

49.  If  four  points  forming  a  parallelogram  be  taken  on  a  rect- 
angular hyperbola,  then  the  product  of  the  perpendiculars  from  any 
point  of  the  curve  on  one  pair  of  opposite  sides  equals  the  product  of 
the  perpendiculars  on  the  other  pair  of  sides. 


CHAPTER  VI. 
The  Cylinder  and  the  Cone. 

definition. 

145.  If  a  straight  line  move  so  as  to  pass  through  the 
circumference  of  a  given  circle,  and  to  be  perpendicular  to 
the  plane  of  the  circle,  it  traces  out  a  surface  called  a  Right 
Circular  Cylinder.  The  straight  line  drawn  through  the 
centre  of  the  circle  perpendicular  to  its  plane  is  the  Axis  of 
the  Cylinder. 

It  is  evident  that  a  section  of  the  surface  by  a  plane 
perpendicular  to  the  axis  is  a  circle,  and  that  a  section  by 
any  plane  parallel  to  the  axis  consists  of  two  parallel  lines. 

Prop.  I.  Any  section  of  a  cylinder  by  a  plane  not 
parallel  or  perpendicular  to  the  axis  is  an  ellipse. 

If  APA'  be  the  section,  let  the  plane  of  the  paper  be  the 
plane  through  the  axis  perpendicular  to  APA' . 

Inscribe  in  the  cylinder  a  sphere  touching  the  cylinder  in 
the  circle  EF  &nd  the  plane  APA'  in  the  point  S. 

Let  the  planes  APA',  EF  intersect  in  XK,  and  from  any 
point  P  of  the  section  draw  PK  perpendicular  to  XK. 

Draw  through  P  the  circular  section  QP,  cutting  APA' 
in  PX,  so  that  PX  is  at  right  angles  to  A  A'  and  therefore 
parallel  to  XK. 

Let  the  generating  line  through  P  meet  the  circle  EF  in 
R ;  and  join  SP. 

Then  PS  and  PR  are  tangents  to  the  sphere ; 

.-.  SP  =  PR  =  Eq. 


138 


But 
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EQ  :  NX  ::  AE  :  AX 
::  SA  :  AX, 
NX  =  PK, 
.-.  SP  :PK::SA  :  AX. 
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Also,  AE  being  less  than  AX,  SA  is  less  than  AX,  and 
the  curve  APA'  is  therefore  an  ellipse,  of  which  3  is  the 
focus  and  XK  the  directrix. 

If  another  sphere  be  inscribed  in  the  cylinder  touching 
A  A'  in  S',  S'  is  the  other  focus,  and  the  corresponding  di- 
rectrix is  the  intersection  of  the  plane  of  contact  E'F'  with 
APA'. 

Producing  the  generating  line  HP  to  meet  the  circle 
E'F'  in  R  we  observe  that  S'P  =  PR',  and  therefore 

SP  +  S'P  =  RR'  =  EE' 

=  AE  +  AE' 

=  AS+AS'\ 

and  AS'  =  AE'  =  A'F=A'S, 

.-.SP+  S'P  =  AA  . 
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The  transverse  axis  of  the  section  is  AA'  and  the  con- 
jugate, or  minor,  axis  is  evidently  a  diameter  of  a  circular 
section. 

146.  Def.  If  0  be  a  fixed  point  in  a  straight  line  OE 
drawn  through  the  centre  E  of  a  fixed  circle  at  right  angles 
to  the  plane  of  the  circle,  and  if  a  straight  line  QOP  move 
so  as  always  to  pass  through  the  circumference  of  the  circle, 
the  surface  generated  by  the  line  QOP  is  called  a  Right 
Circular  Cone. 


a    Q! 


The  line  OE  is  called  the  axis  of  the  cone,  the  point  0  is 
the  vertex,  and  the  constant  angle  POE  is  the  semi-vertical 
angle  of  the  cone. 

It  is  evident  that  any  section  by  a  plane  perpendicular 
to  the  axis,  or  parallel  to  the  base  of  the  cone,  is  a  circle ; 
and  that  any  section  by  a  plane  through  the  vertex  consists 
of  two  straight  lines,  the  angle  between  which  is  greatest 
and  equal  to  the  vertical  angle  when  the  plane  contains  the 
axis. 

Any  plane  containing  the  axis  is  called  a  Principal 
Section. 
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147.  Pkop.  II.  The  section  of  a  cone  by  a  plane,  which 
is  not  perpendicular  to  the  axis,  and  does  not  pass  through  the 
vertex,  is  either  an  Ellipse,  a  Parabola,  or  an  Hyperbola. 


Let  UAP  be  the  cutting  plane,  and  let  the  plane  of  the 
paper  be  that  principal  section  which  is  perpendicular  to  the 
plane  UAP;  OV,  OAQ  being  the  generating  lines  in  the 
plane  of  the  paper. 

Let  A  U  be  the  intersection  of  the  principal  section  VOQ 
by  the  plane  PA  II  perpendicular  to  itvand  cutting  the  cone 
in  the  curve  A  P. 

Inscribe  a  sphere  in  the  cone,  touching  the  cone  in  the 
circle  EF  and  the  plane  AP  in  the  point  8,  and  let  XK  be 
the  intersection  of  the  planes  AP,  EF.  Then  XK  is  per- 
pendicular to  the  plane  of  the  paper. 

Taking  any  point  P  in  the  curve,  join  OP  cutting  the 
circle  EF  in  R,  and  join  SP. 

Draw  through  P  the  circular  section  QPV  cutting  the 
plane  AP  in  PX  which  is  therefore  perpendicular  to  AN 
and  parallel  to  XK. 

Then,  SP  and  PR  being  tangents  to  the  sphere, 

SP  =  PR  =  EQ ; 
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and 


Also 


EQ  :  NX  ::  AE  :  AX 
::  AS  '.AX. 
NX  =  PK; 
\SP  :PK::SA  :  AX. 


The  curve  AP  is  therefore  an  Ellipse,  Parabola,  or  Hy- 
perbola, according  as  SA  is  less  than,  equal  to,  or  greater 
than  AX.  In  aDy  case  the  point  S  is  a  focus  and  the  cor- 
responding directrix  is  the  intersection  of  the  plane  of  the 
curve  with  the  plane  of  contact  of  the  sphere. 

148.     (1)     IfAUhe  parallel  to  OV,  the  angle 
AXE=OFE=OEF  =  AEX, 

so  that  SA  =  AE  =  AX ; 

the  section  is  therefore  a  parabola  when  the  cutting  plane 
is  parallel  to  a  generating  line,  and  perpendicular  to  the 
principal  section  which  contains  the  generating  line. 

(2)  Let  the  line  A  U  meet  the  curve  again  in  the  point 
A'  on  the  same  side  of  the  vertex  as  the  point  A. 
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Then  the  angle 

AEX  =  OFX 
>FXA, 

and  therefore  AE<AX, 

tbat  is  8 A  <AX, 

and  the  curve  is  an  ellipse. 

In  this  case  another  sphere  can  be  inscribed  in  the  cone, 
touching  the  cone  along  the  circle  E'F'  and  touching  the 
plane  A  P  in  S\ 

It  may  be  shewn  as  before  that  8'  is  a  focus  and  that  the 
corresponding  directrix  is  the  intersection  of  the  planes  E'F', 
APA'. 

(3)  Let  the  line  UA  produced  meet  the  cone  on  the 
other  side  of  the  vertex.  The  section  then  consists  of  two 
separate  branches. 

Also  the  angle  AEX  =  A'FX 

<  AXF, 

and  therefore  AE  >  AX, 

that  is  AS>AX, 

and  the  curve  AP  is  one  branch  of  air  hyperbola,  the  other 
branch  being  the  section  AP'. 

Taking  P'  in  the  other  branch  the  proof  is  the  same  as 
before  that 

SP'  :  FK'  ::SA:  AX. 

In  this  case  a  sphere  can  be  inscribed  in  the  other 
branch  of  the  cone,  touching  the  cone  along  the  circle  E'F', 
and  the  plane  UA'P'  in  S',  and  it  can  be  shewn  that  S'  is 
the  other  focus  of  the  hyperbola,  and  that  the  directrix  is 
the  intersection  of  the  cutting  plane  with  the  plane  of  con- 
tact E'F'. 

Hence  the  section  of  a  cone  by  a  plane  cutting  in  A  U 
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the  principal  section  VOQ  perpendicular  to  it  is  an  Ellipse, 
Parabola,  or  Hyperbola,  accordiug  as  the  angle  EAX  is 
greater  than,  equal  to,  or  less  than,  the  vertical  angle  of  the 


cone. 


Further,  it  is  obvious  that,  if  any  plane  be  drawn  parallel 
to  the  plane  AP,  the  ratio  of  AE  to  AX  is  always  the  same; 
hence  it  follows  that  all  parallel  sections  have  the  same 
eccentricity. 

149.  This  method  of  determining  the  focus  and  directrix 
was  published  by  Mr  Pierce  Morton,  of  Trinity  College,  in 
the  first  volume  of  the  Cambridge  Philosophical  Transactions. 

The  method  was  very  nearly  obtained  by  Hamilton,  who 
gave  the  following  construction. 

First  finding  the  vertex  and  focus,  A  and  S,  take  AE 
along  the  generating  line  equal  to  AS,  and  draw  the  circular 
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section  through  E;  the  directrix  will  be  the  line  of  inter- 
section of  the  plane  of  the  circle  with  the  given  plane  of 
section. 

Hamilton  also  demonstrated  the  equality  of  SP  and  PR. 

150.  Pkop.  III.     To  prove  that,  in  the  case  of  an  elliptic 
section, 

SP  +  S'P  =  AA\ 

Taking  the  2nd  figure, 

SP  =  PR   and    S'P  =  PR'; 
:.SP  +  SP  =  RR'  =  EE 
=AE\AE 
=  AS  +  AS\ 
But  A'S'  =  A'F'  =  FF'  -  A'F 

=  EE'  -  A'S, 
also  A'S'  +  SS'=A'S; 

.:2A'S'  +  SS'  =  EE. 
Similarly  2AS  +  SS'  =  EE' ; 

.:A'S'  =  AS, 
and  AS' =  A'S. 

Hence  SP  +  S'P  =  AA', 

and  the  transverse,  or  major  axis  =  EE'. 

In  a  similar  manner  it  can  be  shewn  that  in  an  hyper- 
bolic section 

S'P-SP  =  AA'. 

151.  Prop.  IV.     To  shew  that,  in  a  parabolic  section, 

PN*  =  4,AS.AK 

Let  A  be  the  vertex  of  the  section,  and  let  ABE  be  the 
diameter  of  the  circular  section  through  A. 
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From  D  let  fall  DS  perpendicular  to  AX; 
then      PX*  =  QX.XQ' 

=  QX.AE 

=  4XL .  AD, 

if  AL   be   perpendicular   to 
NQ. 

But  the  triangles  A  XL, 
ADS  being  similar, 

XL  :  AN::  AS:  AD; 

..XL  .AD  =  AX  .AS, 
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and 


Pi\r2  =  44#  .  AX. 


152.     Prop.  V.     To  shew  that,  in  an  elliptic  section,  PX2 
is  to  AX .  XA'  in  a  constant  ratio. 


Draw  through  P  the  circular 
section  QPQ',  bisect  A  A'  in  C, 
and  draw  through  C  the  circu- 
lar section  EBE'. 

Then 
QX-.AX::  CE-.AC, 
and    XQ'  :XA'::CE':A'G; 
.-.QX.XQ'  -.AX.XA' 


..EG .  C'£":.1C2, 


or 


PiV^2 :  yliVr.  JV^i' ::  M7.0&"  :  .AC*; 

and,  the  transverse  axis  being  AA',  the  square  of  the  semi- 
minor  axis  =  BC*  =  EC  .  CE. 


b.  c.  s. 
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Again,  if  ADF  be  perpendicular  to  the  axis,  AD  =  DF,  and, 
AC  being  equal  to  CA',  CD  is  parallel  to  A  F, 


and  therefore 


CE'  =  FD  =  AD. 


Similarly,  CE  =  A'D',  the  perpendicular  from  A'  on  the 


axis 


BC2  =  AD  .A'D', 


that  is,  the  semi-minor  axis  is  a  mean  projiortional  between 
the  perpendiculars  from  the  vertices  on  the  axis  of  the  cone. 


Cor.  If  H,  H  are  the  centres  of  the  focal  spheres,  the 
angles  HAH ,  HA' H  are  right  angles,  so  that  H,  A,  H',  A' 
are  concyclic. 


It  follows  that  the  triangles  ASH,  A'H'D'  are  similar,  as 
are  also  the  triangles  A'S'H,  AHD,  so  that 

SH  :  A'D'  ::  AH  :  A'H'  ::  AD  :  ti'H  ; 

and  SH  .S'H'  =  AD  .A  'D'  =  BC'2 ; 

.".  the  semi-minor  axis  is  a  mean  proportional  between  the 
radii  of  the  focal  spheres. 
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The  fact  that  H,  A,  H',  A'  are  concyelic  also  shews  that 
the  sphere  of  which  HH'  is  a  diameter  intersects  the  plane 
of  the  ellipse  in  its  auxiliary  circle. 

153.  In  exactly  the  same  maimer  it  can  be  shewn  that, 
for  an  hyperbolic  section, 


and  that 


PN2  :AK.  FA'  ::  GE  .  GE'  :  AC2, 
GE  =  AD,  and  CE'=  A' D'. 


Also,  as  in  the  case  of  the  ellipse,  BG  is  a  mean  pro- 
portional between  AD  and  A'D',  and  is  also  a  mean  pro- 
portional between  the  radii  of  the  focal  spheres. 

154.  Prop.  VI.  The  two  straight  lines  in  which  a  cone 
is  intersected  by  a  plane  through  the  vertex  parallel  to  an 
hyperbolic  section  are  parallel  to  the  asymptotes  of  the 
hyperbola. 

Taking  the  preceding  figure,  let  the  parallel  plane  cut 

10—2 
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the  cone  in  the  lines  OG,  OG',  and  the  circular  section 
through  G  in  the  line  GLG',  which  will  be  perpendicular  to 
the  plane  of  the  paper,  and  therefore  perpendicular  to  EE' 
and  to  OL. 


Hence 

GL2  =  EL  .  E'L. 

But 

EL:  EG'.-.OL   :  A'C, 

and 

E'L  :  E'G  ::  OL   :  AG ; 

•.  GL2 :  EG  .E'G::  OL2  :  AC2, 

or 

GL  :  OL  ::BG  :  AC • 

therefore,  (Art.  102),  OG  and  06r'are  parallel  to  the  asymptotes 
of  the  hyperbola. 

Hence,  for  all  parallel  hyperbolic  sections,  the  asymptotes 
are  parallel  to  each  other. 

If  the  hyperbola  be  rectangular,  the  angle  GOG'  is  a 
right  angle ;  but  this  is  evidently  not  possible  if  the  vertical 
angle  of  the  cone  be  less  than  a  right  angle. 

When  the  vertical  angle  of  the  cone  is  not  less  than  a 
right  angle,  and  when  GOG'  is  a  right  angle,  LOG  is  half 
a  right  angle,  and  therefore 

OL  =  LG, 

and  2.  OL2  =  OG2=OE\ 

and  the  length  OL  is  easily  constructed. 

Hence,  placing  OL,  and  drawing  the  plane  GOG'  per- 
pendicular to  the  principal  section  through  OL,  any  section 
by  a  plane  parallel  to  GOG'  is  a  rectangular  hyperbola. 

It  will  be  observed  that  the  eccentricity  of  the  section  is 
greatest  when  its  plane  is  parallel  to  the  axis  of  the  cone. 

155.  Prop.  VII.  The  sphere  which  passes  through  the 
circles  of  contact  of  the  focal  spheres  luith  the  surface  of  the 
cone  intersects  the  plane  of  the  section  in  its  director  circle. 

Let  Q,  Q'  be  the  points  in  which  the  straight  line  A  A' 
is  intersected  by  the  sphere  which  passes  through  the  circles 
EF  and  E'F. 
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Then  the  sphere  intersects  the  plane  of  the  ellipse  in  the 
circle  of  which  QQ'  is  the  diameter. 


Also 


CQ* 


CA*  =  AQ  .  AQ'  =  AE  .  AE' 

=  AS.AS'  =  BOi; 

.:  CQ2  =  AC*  +  BC*, 

so  that  CQ  is  the  radius  of  the  director  circle. 

Changing  the  figure  the  proof  is  exactly  the  same  for  the 
hyperbola. 

156.  Prop.  VIII.  If  two  straight  lines  be  drawn 
through  any  point,  parallel  to  two  fixed  lines,  and  intersecting 
a  given  cone,  the  ratio  of  the  rectangles  formed  by  the  segments 
of  the  lines  will  be  independent  of  the  position  of  the  point. 

Thus,  if  through  E,  the  lines  EPQ,  EP'Q'  be  drawn, 
parallel    to    two  given   lines,  and    cutting   the   cone  in  the 
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points  P,  Q  and  P\  Q',  the  ratio  of  EP  .EQ  to  EP'  .EQ'  is 
constant. 


Through  0  draw  OK  parallel  to  the  given  line  to  which 
EPQ  is  parallel,  and  let  the  plane  through  OK,  EPQ, 
which  contains  the  generating  lines  OP,  OQ,  meet  the 
circular  section  through  E  in  R  and  S,  and  the  plane  base 
in  the  straight  line  DFK,  cutting  the  circular  base  in  D 
and  F. 

Then  DFK  and  ERS  being  sections  of  parallel  planes 
by  a  plane  are  parallel  to  each  other!" 

Also,  EPQ  is  parallel  to  OK; 

Therefore  ERP,  ODK  are  similar  triangles,  as  are  also 
ESQ,  OFK; 

;.  EP-.ER  ::0K:DK, 
and  EQ:  ES  ::0K:FK; 

:.  EP  .  EQ  :  ER  .  ES  ::  OK*  :  DK .  FK 
::  OK3  :  KT\ 
if  K T  be  the  tangent  to  the  circular  base  from  K. 

If  a  similar  construction  be  made  for  EPQ',  we  shall 
have 

EP'  .  EQ'  :  ER'  .  ES'  ::  OK'*  :  K'T'\ 
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But  ER  .  ES  =  ER  .  ES' ; 

therefore  the  rectangles  EP  .  EQ  and  EP'  .  EQ'  are  each 
in  a  constant  ratio  to  the  same  rectangle,  and  are  therefore 
in  a  constant  ratio  to  each  other. 

Since  the  plane  through  EPQ,  EP'Q'  cuts  the  cone  in 
an  ellipse,  parabola,  or  hyperbola,  this  theorem  includes  as 
particular  cases  those  of  Arts.  51,  58,  82,  92,  96,  124  and 
134. 

The  proof  is  the  same  if  the  point  P  be  within  the  cone, 
or  if  one  or  both  of  the  lines  meet  opposite  branches  of  the 
cone. 

If  the  chords  be  drawn  through  the  centre  of  the 
section  PEP',  the  rectangles  become  the  squares  of  the 
semi-diameters. 

Hence  the  parallel  diameters  of  all  parallel  sections  of  a 
cone  are  proportional  to  each  other. 

If  the  lines  move  until  they  become  tangents  the  rect- 
angles then  become  the  squares  of  the  tangents ;  therefore 
if  a  series  of  points  be  so  taken  that  the  tangents  from 
them  are  parallel  to  given  lines,  these  tangents  are  always 
in  the  same  proportion.  The  locus  of  the  point  E  will  be 
the  line  of  intersection  of  two  fixed  planes  touching  the 
cone,  that  is,  a  fixed  line  through  the  vertex. 


EXAMPLES. 


1.  Shew  how  to  cut  from  a  cylinder  an  ellipse  of  given  eccentricity. 

2.  What  is  the  locus  of  the  foci  of  all  sections  of  a  cylinder  of  a 
given  eccentricity  ? 

3.  Shew  how  to  cut  from  a  cone  an  ellipse  of  given  eccentricity. 

4.  Prove  that  all  sections  of  a  cone  by  parallel  planes  are  conies 
of  the  same  eccentricity. 

5.  What  is  the  locus  of  the  foci  of  the  sections  made  by  planes 
inclined  to  the  axis  at  the  same  angle  ? 
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6.  Find  the  least  angle  of  a  cone  from  which  it  is  possible  to  cut 
an  hyperbola,  whose  eccentricity  shall  be  the  ratio  of  two  to  one. 

7.  The  centre  of  a  spherical  ball  is  moveable  in  a  vertical  plane 
which  is  equidistant  from  two  candles  of  the  same  height  on  a  table  ; 
find  its  locus  when  the  two  shadows  on  the  ceiling  are  always  just  in 
contact. 

8.  Through  a  given  point  draw  a  plane  cutting  a  given  cone  in  a 
section  which  has  the  given  point  for  a  focus. 

9.  If  the  vertical  angle  of  a  cone,  vertex  0,  be  a  right  angle,  P 
any  point  of  a  parabolic  section,  and  PN  perpendicular  to  the  axis  of 
the  parabola, 

0P  =  2AS+AX, 
A  being  the  vertex  and  >S'  the  focus. 

10.  Prove  that  the  directrices  of  all  parabolic  sections  of  a  cone  lie 
in  the  tangent  planes  of  a  cone  having  the  same  axis. 

11.  If  the  curve  formed  by  the  intersection  of  any  plane  with  a 
cone  be  projected  upon  a  plane  perpendicular  to  the  axis ;  prove  that 
the  curve  of  projection  will  be  a  conic  section  having  its  focus  at  the 
point  in  which  the  axis  meets  the  plane  of  projection. 

12.  Prove  that  the  latera  recta  of  parabolic  sections  of  a  right 
circular  cone  are  proportional  to  the  distances  of  their  vertices  from 
the  vertex  of  the  cone. 

13.  The  shadow  of  a  ball  is  cast  by  a  candle  on  an  inclined  plane 
in  contact  with  the  ball  ;  prove  that  as  the  candle  burns  down,  the 
locus  of  the  centre  of  the  shadow  will  be  a  straight  line. 

14.  The  vertex  of  a  right  cone  which  contains  a  given  ellipse  lies 
on  a  certain  hyperbola,  and  the  axis  of  the  cone  will  be  a  tangent  to 
the  hyperbola.  , 

15.  Find  the  locus  of  the  vertices  of  the  right  circular  cones  which 
can  be  drawn  so  as  to  pass  through  a  given  fixed  hyperbola,  and  prove 
that  the  axis  of  the  cone  is  always  tangential  to  the  locus. 

16.  An  ellipse  and  an  hyperbola  are  so  situated  that  the  vertices 
of  each  curve  are  the  foci  of  the  other,  and  the  curves  are  in  planes  at 
right  angles  to  each  other.  If  P  be  a  point  on  the  ellipse,  and  0  a 
point  on  the  hyperbola,  S  the  vertex,  and  A  the  interior  focus  of  that 
branch  of  the  hyperbola,  then 

AS+  0P  =  A0  +  SP. 

17.  The  latus  rectum  of  any  plane  section  of  a  given  cone  is  pro- 
portional to  the  perpendicular  from  the  vertex  on  the  plane. 

18.  If  a  sphere  is  described  about  the  vertex  of  a  right  cone  as 
centre,  the  latera  recta  of  all  sections  made  by  tangent  planes  to  the 
sphere  are  equal. 
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19.  Different  elliptic  sections  of  a  right  cone  are  taken  such  that 
their  minor  axes  are  equal ;  shew  that  the  locus  of  their  centres  is  the 
surface  formed  by  the  revolution  of  an  hyperbola  about  the  axis  of  the 
cone. 

20.  If  two  cones  be  described  touching  the  same  two  spheres,  the 
eccentricities  of  the  two  sections  of  them  made  by  the  same  plane  bear 
to  one  another  a  ratio  constant  for  all  positions  of  the  plane. 

21.  If  elliptic  sections  of  a  cone  be  made  such  that  the  volume 
between  the  vertex  and  the  section  is  always  the  same,  the  minor  axis 
will  be  always  of  the  same  length. 

22.  The  vertex  of  a  cone  and  the  centre  of  a  sphere  inscribed  within 
it  are  given  in  position  :  a  plane  section  of  the  cone,  at  right  angles  to 
any  generating  line  of  the  cone,  touches  the  sphere  :  prove  that  the 
locus  of  the  point  of  contact  is  a  surface  generated  by  the  revolution  of 
a  circle,  which  touches  the  axis  of  the  cone  at  the  centre  of  the  sphere. 

23.  Given  a  right  cone  and  a  point  within  it,  there  are  two  sections 
which  have  this  point  for  focus  ;  and  the  planes  of  these  sections  make 
equal  angles  with  the  straight  line  joining  the  given  point  and  the 
vertex  of  the  cone. 

24.  Prove  that  the  centres  of  all  plane  sections  of  a  cone,  for  which 
the  distance  between  the  foci  is  the  same,  lie  on  the  surface  of  a  right 
circular  cylinder. 


CHAPTER  VII. 

The  Similarity  of  Conics,  the  Areas  of  Conics,  and 
the  Curvatures  of  Conics. 

SIMILAR  CONICS. 

157.  Def.  Conics  which  have  the  same  eccentricity  are 
said  to  be  similar  to  each  other. 

This  definition  is  justified  by  the  consideration  that  the 
character  of  the  conic  depends  on  its  eccentricity  alone, 
while  the  dimensions  of  all  parts  of  the  conic  are  entirely 
determined  by  the  distance  of  the  focus  from  the  directrix. 

Hence,  according  to  this  definition,  all  parabolas  are 
similar  curves.  ' 

Prop.  I.  If  radii  be  drawn  from  the  vertices  of  two 
parabolas  making  equal  angles  with  the  axis,  these  radii  are 
always  in  the  same  proportion. 

Let  AP,  ap  be  the  radii,  PN  and  pn  the  ordinates,  the 
angles  PAN,  pan,  being  equal. 

Then  AP2  :  ap2  ::  PN2  :  pn-  ::  AS  .  AX  :  as  .  an. 

But  AP  :  ap  ::  AN  :  an-, 

.:  AP  :  ap  ::  AS  :  as. 

It  can  also  be  shewn  that  focal  radii  making  equal 
angles  with  the  axes  are  always  in  the  same  proportion. 
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158.  Prop.  II.  If  two  ellipses  be  similar  their  axes  are 
in  the  same  proportion,  and  any  other  diameters,  making 
equal  angles  with  the  respective  axes,  are  in  the  proportion  of 
the  axes. 

Let  GA,  GB  be  the  semi-axes  of  one  ellipse,  ca,  cb  of  the 
other,  and  CP,  cp  two  radii  such  that  the  angle  PGA  =pca. 

Then,  since  the  eccentricities  are  the  same,  we  have,  if 
S,  s  be  foci, 

AG  :  8G  ::  ac  :  sc; 
.'.  AG'2  :  AG2-SC2  ::  ac"  :  ac2-sc\ 
or  AG2  :  BG2  ::  ac2  :  be2. 

Hence  it  follows,  if  PN,  pn  be  ordinates,  that 
PN2  :AG2-  GN*  ::  pn2  :  ac-  -  en2 ; 
but,  by  similar  triangles, 

PN  :pn  ::  GN  :  en, 
therefore       GN2  :  AG2  -  GN2  : :  en2  :  ac2  -  en2 ; 
and  GN2:  AG*  ::  en*':  a<f. 

Hence  GP  :  cp  ::  GN ':  en 

::AG:  ac. 

So  also  lines  drawn  similarly  from  the  foci,  or  any  other 
corresponding  points  of  the  two  figures,  will  be  in  the  ratio 
of  the  transverse  axes. 

Exactly  the  same  demonstration  is  applicable  to  the 
hyperbola,  but  in  this  case,  if  the  ratio  of  SG  to  AG  in 
two  hyperbolas  be  the  same,  it  follows  from  Art.  (102) 
that  the  angle  between  the  asymptotes  is  the  same  in  both 
curves. 

In  the  case  of  hyperbolas  we  have  thus  a  very  simple  test 
of  similarity. 
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The  Areas  bounded  by  Conies. 

159.  Prop.  III.  If  AB,  AC  be  two  tangents  to  a  para- 
bola, the  area  between  the  curve  and  the  chord  BC  is  two-thirds 
of  the  triangle  ABC. 

Draw  the  tangent  DPE  parallel  to  BC;  then 

AP  =  PN, 

and  BC  =  2.DF; 

therefore  the  triangle     BPC=2ADE. 


Again,  draw  the  diameter  DQM  meeting  BP  in  M. 

By  the  same  reasoning,  FQG  being  the  tangent  parallel 
to  BP,  the  triangle  PQB  =  2FDG. 

Through  F  draw  the  diameter  FRL,  meeting  PQ  in  L, 
and  let  this  process  be  continued  indefinitely. 

Then   the   sum  of  the   triangles  within  the  parabola  is 
double  the  sum  of  the  triangles  without  it. 
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But,  since  the  triangle  BPC  is  half  ABC,  it  is  greater 
than  half  the  parabolic  area  BQPC ; 

Therefore  (Euclid,  Bk.  xn.)  the  difference  between  the 
parabolic  area  and  the  sum  of  the  triangles  can  be  made 
ultimately  less  than  any  assignable  quantity ; 

And,  the  same  being  true  of  the  outer  triangles,  it  follows 
that  the  area  between  the  curve  and  BC  is  double  of  the 
area  between  the  curve  and  AB,  AC,  and  is  therefore  two- 
thirds  of  the  triangle  ABC. 

Cor.  Since  PN  bisects  every  chord  parallel  to  BC,  it 
bisects  the  parabolic  area  BPC;  therefore,  completing  the 
parallelogram  PNBU,  the  parabolic  area  BPN  is  two-thirds 
of  the  parallelogram  UN. 

160.  Prop.  IV.  The  area  of  an  ellipse  is  to  the  area  of 
the  auxiliary  circle  in  the  ratio  of  the  conjugate  to  the  trans- 
verse axis. 


Draw  a  series  of  ordinates,  QPN,  tyP'N',. 
other,  and  draw  PR,  QR  parallel  to  AC. 


near  each 


Then,  since 

PN  :  QN  ::  BC  :  AC, 
the  area  PN'  :  QN'  v.  BC  \  AC, 

and,  this  being  true  for  all  such  areas,  the  sum  of  the 
parallelograms  PN'  is  to  the  sum  of  the  parallelograms 
QN'  as  BC  to  AC. 

But,  if  the  number  be  increased  indefinitely,  the  sums  of 
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these  parallelograms  ultimately  approximate  to  the  areas  of 
the  ellipse  and  circle. 

Hence  the  ellipse  is  to  the  circle  in  the  ratio  of  BG  to 
AG. 

The  student  will  find  in  Newton's  2nd  and  3rd  Lemmas 
(Principia,  Section  I.)  a  formal  proof  of  what  we  have  here 
assumed  as  sufficiently  obvious,  that  the  sum  of  the  paral- 
lelograms FN  is  ultimately  equal  to  the  area  of  the  ellipse. 

161.  Prop.  V.  If  P,  Q  be  two  points  of  an  hyperbola, 
and  if  PL,  QM  parallel  to  one  asymptote  meet  the  other  in  L 
and  M,  the  hyperbolic  sector  GPQ  is  equal  to  the  hyperbolic 
trapezium  PLMQ. 


For  the  triangles  GPL,  CQM  are  equal,  and,  if  PL  meet 
CQ  in  R,  it  follows  that  the  triangle ' GPR  =  the  trapezium 
LR  QM ;  hence,  adding  to  each  the  area  RPQ,  the  theorem 
is  proved. 

162.  Prop.  VI.  If  points  L,  M,  N,  K  be  taken  in  an 
asymptote  of  an  hyperbola,  such  that 

GL  :  CM  ::  GN  :  GK, 

and  if  LP,  MQ,  NR,  KS,  parallel  to  the  asymptote,  meet  the 
curve  in  P,  Q,  R,  S,  the  hyperbolic  areas  GPQ,  CRS  will  be 
equal. 

Let  QR  and  1JS  produced  meet  the  asymptotes  in  F,  F', 
G,  G'\ 
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then  RF=  QF'  and  SG  =  PG'  (Art.  121), 

.:  KF=  CM  and  KG  =  CL. 

Hence  NF  :  KG  ::  CM  :  C£ 

C7i  :  CJV 
EiV :  SK, 
and  tlierelbre  ^iJ  is  parallel  to  QR. 


The  diameter  CUV  conjugate  to  PS  bisects  all  chords 
parallel  to  PS,  and  therefore  bisects  the  area  PQRS ; 

also  the  triangle  CPV '  =  OSF, 

and  CQU=CUR; 

therefore,  taking  from  CPV  and  CSV  the  equal  triangles 
CQZ7,  CRU,  and  the  equal  areas  PQUV,  SRUV,  the  re- 
maining areas,  which  are  the  hyperbolic  sectors  CPQ,  CRS, 
are  equal. 

Cor.  Hence  if  a  series  of  points,  L,  M,  N,...  be  taken 
such  that  CL,  CM,  CN,  CK,...  are  in  continued  proportion,  it 
follows  that  the  hyperbolic  sectors  CPQ,  CQR,  CRS,  &c.  will 
be  all  equal. 

It  will  be  noticed  in  this  case  that  the  tangent  at  Q  will 
be  parallel  to  PR,  the  tangent  at  R  parallel  to  QS,  and  so 
also  for  the  rest. 


ItiO  CURVATURE. 

The  Curvature  of  Conies. 

163.  Def.  If  a  circle  touch  a  conic  at  a  point  P,  and 
pass  through  another  point  Q  of  the  conic,  and  if  the  point 
Q  move  near  to,  and  ultimately  coincide  with  P,  the  circle 
in  its  ultimate  condition  is  called  the  circle  of  curvature 
at  P. 

Prop.  VII.  The  chord  of  intersection  of  a  conic  with  the 
circle  of  curvature  at  any  point  is  inclined  to  the  axis  at  the 
same  angle  as  the  tangent  at  the  point. 

It  has  been  shewn  that,  if  a  circle  intersect  a  conic  in 
four  points  P,  Q,  R,  V,  the  chords  PQ,  RV  are  equally 
inclined  to  the  axis. 

Let  P  and  Q  coincide  with  each  other ;  then  the  tangent 
at  P  and  the  chord  RV  are  equally  inclined  to  the  axis. 

Let  the  point  V  now  approach  to  and  coincide  with  P ; 
the  circle  becomes  the  circle  of  curvature  at  P,  and  the 
chord  VR  becomes  PR  the  chord  of  intersection. 

Hence  PR  and  the  tangent  at  P  are  equally  inclined  to 
the  axis. 

164.  Prop.  VIII.  If  the  tangent  at  any  point  P  of  a 
parabola  meet  the  axis  in  T,  and  if  the  circle  of  curvature  at 
P  meet  the  curve  in  Q, 

PQ  =  4 .  PT.  0 

Draw  the  ordinate  PNP' ';  then  taking  the  figure  of  the 
next  article,  TP'  is  the  tangent  at  P', 

and  the  angle  P'TF  =  PTF  =  PFT ; 

therefore   PQ  is  parallel   to   TP',  and    is    bisected    by    the 
diameter  P'E. 

Hence  PQ  =  2  .  PE=  4PT  =  4PP. 

165.  Prop.  IX.  To  find  the  chord  of  curvature  through 
the  focus  and  the  diameter  of  curvature  at  any  point  of  a 
parabola. 

Let  the  circle  meet  PS  produced  in  V,  and  the  normal 
PG  produced  in  0. 


CURVATURE. 

The  angle  PFS  =  PTS  =  SPT 

=  PQV, 
since  PT  is  a  tangent  to  the  circle. 

Therefore  Q  V  is  parallel  to  the  axis, 
and  PV  :  SP  ::  PQ  :  PF. 

Hence  PV=4>.SP. 

Again,  the  angle  POQ  =  PVQ  =  PSN: 
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.-.  PO  :PQ::SP:  PN, 
or  PO  :  SP  ::  4>PT  :  PN 

::  4SP  :  SY, 
if  >SfFbe  perpendicular  to  PT. 

Cor.  1.  Since  the  normal  bisects  the  angle  between  SP 
and  the  diameter  through  P,  it  follows  that  the  chord  of 
curvature  parallel  to  the  axis  is  4>3P. 

B.  C.  S.  11 
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Cor.  2.     The  diameter  of  curvature,  PO,  may  also 
expressed  as  follows : 

Let  GL  be  the  perpendicular  from  G  on  SP ; 
then  PL  =  the  semi-latus  rectum  =  2  AS. 

Also  PVO  being  a  right  angle, 

PO  :PG::PV:  PL 
4&P  :  PL 
4>SP  .  PL  :  PL2 ; 

but  4SP .  PL  =  8SP  .AS=SS Y*  =  2PG* : 

.'.P0-.  PG  ::  2PG2  :  PL2. 


be 


160.  Prop.  X.  If  the  chord  of  intersection,  PQ,  of  an 
ellipse,  or  hyperbola,  with  the  circle  of  curvature  at  P,  meet 
CD,  the  semidiameter  conjugate  to  GP,  in  K, 

PQ.PK  =  2CD2. 


Drawing  the  ordinate  PNP',  the  tangent  at  P'  is  parallel 
to  PQ,  as  in  the  parabola,  and  PQ  is  therefore  bisected  in  V, 
by  the  diameter  GP'. 

Let  PQ  meet  the  axes  in  U  and  U' ;  then,  U'G  being 
parallel  to  PP', 
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PV:  PIT  ::VP'  :  CP' 

::  JJT  :  CT, 
since     PU,  FT  are  parallel. 
Also 

UT:  CTr.PU.PK; 
.-.  PF  :  PU'  ::  P^  :  PK. 

Hence 

PV.PK  =  PU.PU' 

=  PT.P7'  =  CD\ 

observing   that  PU  =  PT,   and      2" 
PU'  =  PT',  by   the  theorem  of 
Art.  163, 

and       .-.  PQ.PK=20D*. 
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167.     Prop.  XI.     //  ^e  chord  of  curvature  PQ',  of  an 
ellipse  or  hyperbola  in  any  direction,  meet  CD  in  K', 


Let  PO  be  the  diameter  of  curvature  meeting  CD  in  F\ 

11—2 
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then  PQO,  PQ'O  are  right  angles,  and  a  circle  can  be  drawn 
through  Q'K'FO; 

.:  PQ' .  PK'  =  PF  .PO 

=  PK  .  PQ  =  2  .  CD'1. 

Cor.  1.     Hence  PO  being  the  diameter  of  curvature, 
PF.P0=2.  CD'2. 

Cor.  2.     If  PQ'  pass  through  the  focus, 
PK'  =  AC, 
and  PQ'  .  AC  =  2  .  CD2. 

Cor.  3.     If  PQ'  pass  through  the  centre. 
PQ'  .  CP  =  2  .  CD2. 

168.     We  can  also  express  the  diameter  of  curvature  as 

follows  : 

PG  being  the  normal,  let  GL  be  perpendicular  to  SP, 
and  let  PR  be  the  chord  of  curvature  through  8. 

Then  GL  is  parallel  to  OR, 
and  PO  :  PG  ::  PR  :  PL 

::  PR.  PL:  PL". 

But  PR.AC=2.QD2; 

.:PR  :AC::2.  CD*  :  AC2 
::2  .PG2:BC2, 
and  PR.  PL:  AC  .PL::  2.  PG2  :  BC2. 

But,  PZ  being  equal  to  the  semi-latus  rectum, 
PL.AC  =  BC2; 
:.PR.PL  =  2.PG2, 
and  PO  :PG::  2PG2  :  PL2. 

Hence,  in  any  conic,  the  radius  of  curvature  at  any  point 
is  to  the  normal  at  the  point  as  the  square  of  the  normal  to  the 
square  of  the  semi-latus  rectum. 
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169.  Prop.  XII.  The  chord  of  curvature  through  the 
focus  at  any  point  is  equal  to  the  focal  chord  parallel  to  the 
tangent  at  the  point. 

Since  PQ'  .AC=2CD\ 

it  follows  that  PQ'  .  A  A'  =  DD'\ 

But,  if  pp'  is  the  focal  chord  parallel  to  the  tangent  at  P, 

pp  .AA'  =  DD"  (Art.  81), 

.:PQ'=PP. 


EXAMPLES. 

1.  The  radius  of  curvature  at  the  end  of  the  latus  rectum  of  a 
parabola  is  equal  to  twice  the  normal. 

2.  The  circle  of  curvature  at  the  end  of  the  latus  rectum  intersects 
the  parabola  on  the  normal  at  that  point. 

3.  If  P  V  is  the  chord  of  curvature  through  the  focus,  what  is  the 
locus  of  the  point  V 1 

4.  An  ellipse  and  a  parabola,  whose  axes  are  parallel,  have  the 
same  curvature  at  a  point  P  and  cut  one  another  in  Q  ;  if  the  tangent 
at  P  meets  the  axis  of  the  parabola  in  T  prove  that  PQ  =  ±  .  PT. 

5.  In  a  rectangular  hyperbola,  the  radius  of  curvature  at  P  varies 
as  CP3. 

6.  If  P  be  a  point  of  an  ellipse  equidistant  from  the  axis  minor 
and  one  of  the  directrices,  the  circle  of  curvature  at  P  will  pass  through 
one  of  the  foci. 

7.  If  the  normal  at  a  point  P  of  a  parabola  meet  the  directrix  in 
L,  the  radius  of  curvature  at  P  is  equal  to  2  .  PL. 

8.  The  normal  at  any  point  P  of  a  rectangular  hyperbola  meets 
the  curve  again  in  Q  ;  shew  that  PQ  is  equal  to  the  diameter  of  curva- 
ture at  P. 

9.  In  the  rectangular  hyperbola,  if  CP  be  produced  to  Q,  so  that 
PQ  =  CP,  and  QO  be  drawn  perpendicular  to  CQ  to  intersect  the  normal 
in  0,  0  is  the  centre  of  curvature  at  /'. 


106  EXAMPLES. 

10.  At  any  point  of  an  ellipse  the  chord  of  curvature  P  V  through 
the  centre  is  to  the  focal  chord  pp',  parallel  to  the  tangent,  as  the  major 
axis  is  to  the  diameter  through  the  point. 

11.  If  the  common  tangent  of  an  ellipse  and  its  circle  of  curvature 
at  P  be  bisected  by  their  common  chord,  prove  that 

CIP=AC.BC. 

12.  The  tangent  at  a  point  P  of  an  ellipse  whose  centre  is  G  meets 
the  axes  in  T  and  t  ;  if  GP  produced  meet  in  L  the  circle  described 
about  the  triangle  TCt,  shew  that  PL  is  half  the  chord  of  curvature  at 
P  in  the  direction  of  C,  and  that  the  rectangle  contained  by  GP,  CL,  is 
constant. 

13.  If  P  be  a  point  on  a  conic,  Q  a  point  near  it,  and  if  QE,  per- 
pendicular to  PQ,  meet  the  normal  at  P  in  E,  then  ultimately  when  Q 
coincides  with  P,  PE  is  the  diameter  of  curvature  at  P. 

14.  If  a  tangent  be  drawn  from  any  point  of  a  parabola  to  the 
circle  of  curvature  at  the  vertex,  the  length  of  the  tangent  will  be  equal 
to  the  abscissa  of  the  point  measured  along  the  axis. 

15.  The  circle  of  curvature  at  a  point  where  the  conjugate  diameters 
are  equal,  meets  the  ellipse  again  at  the  extremity  of  the  diameter. 

16.  The  chord  of  curvature  at  P  perpendicular  to  the  major  axis  is 
to  PM,  the  ordinate  at  P,  ::  2.  CD0-  :  BG2. 

17.  Prove  that  there  is  a  point  P  on  an  ellipse  such  that  if  the 
normal  at  P  meet  the  ellipse  in  Q,  PQ  is  a  chord  of  the  circle  of  curva- 
ture at  P,  and  find  its  position. 

18.  The  chord  of  curvature  at  a  point  P  of  a  rectangular  hyper- 
bola, perpendicular  to  an  asymptote,  is  to  CD  : :  CD  :  2  .  PN,  where 
PN  is  the  distance  of  P  from  the  asymptote. 

19.  If  G  be  the  foot  of  the  normal  at  a  point  P  of  an  ellipse,  and 
GK,  perpendicular  to  PG,  meet  CP  in  K,  then  KE,  parallel  to  the  axis 
minor,  will  meet  PG  in  the  centre  of  curvature  at  P. 

20.  The  chord  of  curvature  through  the  vertex  at  a  point  of  a  para- 
bola is  to  APY  ::  PY  :  A  P. 

21.  Prove  that  the  locus  of  the  middle  points  of  the  common 
chords  of  a  given  parabola  and  its  circles  of  curvature  is  a  parabola,  and 
that  the  envelope  of  the  chords  is  also  a  parabola. 

22.  The  circles  of  curvature  at  the  extremities  P,  D  of  two  con- 
jugate diameters  of  an  ellipse  meet  the  ellipse  again  in  Q,  It,  respec- 
tively, shew  that  PR  is  parallel  to  DQ. 

23.  The  tangent  at  any  point  P  in  an  ellipse,  of  which  S  and  II 
are  the  foci,  meets  the  axis  major  in  T,  and  Ttyll  bisects  HP  in  Q  and 
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meets  SP  in  It  ;  prove  that  PR  is  one-fourth  of  the  chord  of  curvature 
at  P  through  S. 

24.  An  ellipse,  a  parabola,  and  an  hyperbola,  have  the  same  vertex 
and  the  same  focus  ;  shew  that  the  curvature,  at  the  vertex,  of  the 
parabola  is  greater  than  that  of  the  hyperbola,  and  less  than  that  of 
the  ellipse. 

25.  The  circle  of  curvature  at  a  point  of  an  ellipse  cuts  the  curve 
in  Q ;  the  tangent  at  P  is  met  by  the  other  common  tangent,  which 
touches  the  curves  at  ii'and  F,  in  T ;  if  PQ  meet  TEFm  0,  TEOF  is 
cut  harmonically. 

26.  If  E  is  the  centre  of  curvature  at  the  point  P  of  a  parabola, 

££>+3.  SP2=PE\ 

27.  Find  the  locus  of  the  foci  of  the  parabolas  which  have  a  given 
circle  as  circle  of  curvature,  at  a  given  point  of  that  circle. 

28.  Two  parabolas,  whose  latera  recta  have  a  constant  ratio,  and 
whose  foci  are  two  given  points  ^4,  B,  have  a  contact  of  the  second 
order  at  P.     Shew  that  the  locus  of  P  is  a  circle. 

29.  If  the  fixed  straight  line  PQ  is  the  chord  of  an  ellipse,  and  is 
also  the  diameter  of  curvature  at  P,  prove  that  the  locus  of  the 
centre  of  the  ellipse  is  a  rectangular  hyperbola,  the  transverse  axis  of 
which  is  coincident  in  direction  with  PQ,  and  equal  in  length  to  one- 
half  of  PQ. 


CHAPTER   VIII. 
Orthogonal  Projections. 

170.  Def.  The  projection  of  a  point  on  a  plane  is  the 
foot  of  the  perpendicular  let  fall  from  the  point  on  the  plane. 

If  from  all  points  of  a  given  curve  perpendiculars  be  let 
fall  on  a  plane,  the  curve  formed  by  the  feet  of  the  perpen- 
diculars is  the  projection  of  the  given  curve. 

The  projection  of  a  straight  line  is  also  a  straight  line, 
for  it  is  the  line  of  intersection  with  the  given  plane  of  a 
plane  through  the  line  perpendicular  to  the  given  plane. 

Parallel  straight  lines  project  into  parallel  lines,  for  the 
projections  are  the  lines  of  intersection  of  parallel  planes 
with  the  given  plane. 

171.  Prop.  I.  Parallel  straight  lines,  of  finite  lengths, 
are  projected  in  the  same  ratio. 

That  is,  if  ah,  pa  be  the  projections  of  the  parallel  lines 
AB,PQ,  **  l 

ab  :  AB  ::  pq  :  PQ. 

For,  drawing  A  C  parallel  to  ab  and  meeting  Bb  in  C,  and 
PR  parallel  to  pq  and  meeting  Qq  in  R,  ABC  and  PQR  are 
similar  triangles ;  therefore 

AC  :  AB  ::  PR  :  PQ, 

and  AC  =  ab,  PR  =  pq. 

172.  Prop.  II.  The  projection  of  the  tangent  to  a  curve 
at  any  point  is  the  tangent  to  the  projection  of  the  curve  at  the 
projection  of  the  point. 
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For  if  p,  q  be  the  projections  of  the  two  points  P,  Q  of  a 
curve,  the  line  pq  is  the  projection  of  the  line  PQ,  and  when 
the  line  PQ  turns  round  P  until  Q  coincides  with  P,  pq 
turns  round  p  until  q  coincides  with  p,  and  the  ultimate 
position  of  pq  is  the  tangent  at^>. 

173.     Prop.  III.     The  projection  of  a  circle  is  an  ellipse. 
Let  aba'  be  the  projection  of  a  circle  ABA'. 


Take  a  chord  PQ  parallel  to  the  plane  of  projection,  then 
its  projection  pq  =  PQ. 

Let  the  diameter  ANA'  perpendicular  to  PQ  meet  in  F 
the  plane  of  projection,  and  let  aa'F  be  the  projection  of 
AA'F. 

Then  act  bisects  pq  at  right  angles  in  the  point  n,  and 

an  :  AN   ::  aF  :  AF, 

a'n  :  A'N  ::  aF  :  AF; 

.:  AN  .  NA'  :  an  .  na'  ::  AF2  :  aF2; 

but  AN  .  NA'  =  PN2  =  pi2, 

.*.  pn2  :   tt/i  .  ?i<x'  ::  AF2  :  aF2, 

and  the  curve  apa'  is  an  ellipse,  having  its  axes  in  the  ratio 
of 

aF  :  AF,  or  of  aa'  :  AA'. 
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Moreover,  since  we  can  place  the  circle  so  as  to  make  the 
ratio  of  cm'  to  AA'  "whatever  we  please,  an  ellipse  of  any 
eccentricity  can  be  obtained. 

In  this  demonstration  we  have  assumed  only  the  pro- 
perty of  the  principal  diameters  of  an  ellipse.  Properties  of 
other  diameters  can  be  obtained  by  help  of  the  preceding 
theorems,  as  in  the  following  instances. 

174.  Prop.  IV.    The  locus  of  the  middle  points  of  parallel 

chords  of  an  ellipse  is  a  straight  line. 

For,  projecting  a  circle,  the  parallel  chords  of  the  ellipse 
are  the  projections  of  parallel  chords  of  the  circle,  and  as  the 
middle  points  of  these  latter  lie  in  a  diameter  of  the  circle, 
the  middle  points  of  the  chords  of  the  ellipse  lie  in  the  pro- 
jection of  the  diameter,  which  is  a  straight  line,  and  is  a 
diameter  of  the  ellipse. 

Moreover,  the  diameter  of  the  circle  is  perpendicular  to 
the  chords  it  bisects ;  hence 

Perpendicular  diameters  of  a  circle  project  into  conjugate 
diameters  of  an  ellipse. 

175.  Prop.  V.  If  two  intersecting  chords  of  an  ellipse 
be  parallel  to  fixed  lines,  the  ratio  of  the  rectangles  contained 
by  their  segments  is  constant. 

Let  OPQ,  ORS  be  two  chords  of  a  circle,  parallel  to  fixed 
lines,  and  opq,  ors  their  projections. 

Then  OP .  OQ  is  to  op .  oq  in  a  constant  ratio,  and  OP .  OS 
is  to  or .  os  in  a  constant  ratio  ;  but 

0P.0Q  =  0R.  08. 

Therefore  op .  oq  is  to  or .  os  in  a  constant  ratio ;  and 
opq,  ors  are  parallel  to  fixed  lines. 

176.  Prop.  VI.  Ifgyof  be  a  double  ordinate  of  a  diameter 
cp,  and  if  the  tangent  at  q  meet  cp  produced  in  t, 

cv .  ct  =  cp2. 

The  lines  qvq'  and  cp  are  the  projections  of  a  chord  QVQ' 
of  a  circle  which  is  bisected  by  a  diameter  CP,  and  t  is  the 
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projection  of  T  the  point  in  which  the  tangent  at  Q  meets 
CP  produced. 

But,  in  the  circle, 

GV  .  GT=GP\ 

or  GV  :  GP  ::  GP  :  GT\ 

and,  these  lines  being  projected  in  the  same  ratio,  it  follows 
that 

cv  :  cp  ::  cp  :  ct, 

or  cv  .  ct  =  cp2. 

Hence  it  follows  that  tangents  to  an  ellipse  at  the  ends 
of  any  chord  meet  in  the  diameter  conjugate  to  the  chord. 

The  preceding  articles  will  shew  the  utility  of  the  method 
in  dealing  with  many  of  the  properties  of  an  ellipse. 

The  student  will  find  it  useful  to  prove,  by  orthogonal 
projections,  the  theorems  of  Arts.  58,  69,  74,  75,  78,  79,  80, 
82,  83,  89,  90,  and  92. 


177.     Prop.  VII.     An   ellipse   can  be  projected   into  a 
circle. 

This  is  really  the  converse  of  Art.  173,  but  we  give  a 
construction  for  the  purpose. 

Draw  a  plane  through  AA', 
the  transverse  axis,  perpendicular 
to  the  plane  of  the  ellipse,  and  in 
this  plane  describe  a  circle  on 
A  A'  as  diameter.  Also  take  the 
chord  AD,  equal  to  the  conjugate 
axis,  and  join  A'D,  which  is  per- 
pendicular to  AD. 

Through  AD  draw  a  plane 
perpendicular  to  A'D,  and  pro- 
ject a  principal  chord  PNP'  on 
this  plane. 


Then 


PN2  :  AN  .  KA'  ::  BG%  :  AG\ 


But 


PN  = 


pa, 


172 

PROJECTIONS. 

An  :  AN  ::  AD  :  AA' 

::  BC    :  AC, 

and 

Dn  :  A'N  ::  BC   :  ^i(7. 

Hence          An 

nD  :  4iV  .  iO'  ::  £C'2 

and  therefore 

jm2  =  vi?i  .  /ii), 

AC2, 


and  the  projection  J.jdZ)  is  a  circle. 

This  theorem,  in  the  same  manner  as  that  of  Art.  178, 
may  be  employed  in  deducing  properties  of  oblique  diameters 
and  oblique  chords  of  an  ellipse. 

178.  If  any  figures  in  one  plane  be  projected  on  another 
plane,  the  areas  of  the  projections  will  all  be  in  the  same  ratio 
to  the  areas  of  the  figures  themselves. 


Let  BAD  be  the  plane  of  the  figures,  and  let  them  be 
projected  on  the  plane  CAD,  C  being  the  projection  of  the 
point  B,  and  BAD  being  a  right  angle. 

Taking  a  rectangle  EFGH,  the  sides  of  which  are  parallel 
,and  perpendicular  to  AD,  the  projection  is  efgh,  and  it  is 
clear  that  the  ratio  of  the  areas  of  these  rectangles  is  that 
of^Cto^LB. 

Now  the  area  of  any  curvilinear  figure  in  the  plane  BAD 
is  the  sum  of  the  areas  of  parallelograms  such  as  EFGH, 
which  are  inscribed  in  the  figure,  if  we  take  the  widths, 
such  as  EF,  infinitesimally  small. 
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It  follows  that  the  area  of  the  projection  of  the  figure  is 
to  the  area  of  the  figure  itself  in  the  ratio  of  AC  to  AB. 

As  an  illustration,  let  a  square  be  drawn  circumscribing 
a  circle,  and  project  the  figure  on  any  plane.  The  square 
projects  into  tangents  parallel  to  conjugate  diameters  of  the 
ellipse  which  is  the  projection  of  the  circle. 

The  area  of  the  parallelogram  thus  formed  is  the  same 
whatever  be  the  position  of  the  square,  and  we  thus  obtain 
the  theorem  of  Art.  87. 

179.  It  follows  that  maxima  and  minima  areas  project 
into  maxima  and  minima  areas.  For  example,  the  greatest 
triangle  which  cau  be  inscribed  in  a  circle  is  an  equilateral 
triangle. 

Projecting  this  figure  we  find  that  the  triangle  of  maxi- 
mum area  inscribed  in  an  ellipse  is  such  that  the  tangent  at 
each  angular  point  is  parallel  to  the  opposite  side,  and  that 
the  centre  of  the  ellipse  is  the  point  of  intersection  of  the 
lines  joining  the  vertices  of  the  triangle  with  the  middle 
points  of  the  opposite  sides. 

180.  Prop.  VII.  The  projection  of  a  parabola  is  a 
parabola. 

For  if  PNP'  be  a  principal  chord,  bisected  by  the  axis 
AN,  the  projection  pnp'  will  be  bisected  by  the  projection  an. 

Moreover  pn  :  PN  will  be  a  constant  ratio,  as  also  will 
be  an  :  AN. 

And  PN'  =  ±AS  .  AN 

Hence  pn'  will  be  to  4>AS  .  an  in  a  constant  ratio,  and 
the  projection  is  a  parabola,  the  tangent  at  a  being  parallel 
to  pn. 

181.  Prop.  VIII.  An  hyperbola  can  be  always  projected 
into  a  rectangular  hyperbola. 

For  the  asymptotes  can  be  projected  into  two  straight 
lines  cl,  cl'  at  right  angles,  and  if  PM,  PN  be  parallels  to 
the  asymptotes  from  a  point  P  of  the  curve,  PM  .  PN  is 
constant. 
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Butjwra  :  PM  and  pn  :  PX  are  constant  ratios; 

.'.  pm  .  pn  is  constant. 

And  since  pm  and  pn  are  perpendicular  respectively  to 
cl  and  cl',  it  follows  that  the  projection  is  a  rectangular 
hyperbola. 

The  same  proof  evidently  shews  that  any  projection  of 
an  hyperbola  is  also  an  hyperbola. 


EXAMPLES. 

1.  A  parallelogram  is  inscribed  in  a  given  ellipse;  shew  that  its 
sides  are  parallel  to  conjugate  diameters,  and  tind  its  greatest  area. 

2.  TP,  TQ  are  tangents  to  an  ellipse,  and  C'P',  CQ'  are  parallel 
semidiameters  ;  PQ  is  parallel  to  P'Q'. 

3.  *  If  a  straight  line  meet  two  concentric  similar  and  similarly 
situated  ellipses,  the  portions  intercepted  between  the  curves  are  equal. 

4.  Find  the  locus  of  the  point  of  intersection  of  the  tangents  at  the 
extremities  of  pairs  of  conjugate  diameters  of  an  ellipse. 

5.  Find  the  locus  of  the  middle  points  of  the  lines  joining  the 
extremities  of  conjugate  diameters. 

6.  If  a  tangent  be  drawn  at  the  extremity  of  the  major  axis  meeting 
two  equal  conjugate  diameters  CP,  CD  produced  in  T  and  t;  then 
PD*=ZAT\ 

V.  If  a  chord  AQ  drawn  from  the  vertex  be  produced  to  meet 
the  minor  axis  in  0,  and  CP  be  a  semidiameter  parallel  to  it,  then 
AQ.A0  =  2CP*. 

8.  OQ,  OQ'  ai-e  tangents  to  an  ellipse  from  an  external  point  0, 
and  OR  is  a  diagonal  of  the  parallelogram  of  which  OQ,  OQ'  are  adjacent 
sides ;  prove  that  if  R  be  on  the  ellipse,  0  will  lie  on  a  similar  and 
similarly  situated  concentric  ellipse. 

9.  AB  is  a  given  chord  of  an  ellipse,  and  C  any  point  in  the  ellipse ; 
shew  that  the  locus  of  the  point  of  intersection  of  lines  drawn  from 
A,  B,  C  to  the  middle  points  of  the  opposite  sides  of  the  triangle  ABC 
is  a  similar  ellipse. 

10.  CP,  CD  are  conjugate  semidiameters  of  an  ellipse  ;  if  an  ellipse, 
similar  and  similarly  situated  to  the  given  ellipse,  be  described  on  PD 
as  diameter,  it  will  pass  through  the  centre  of  the  given  ellipse. 
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11.  Parallelograms  are  inscribed  in  an  ellipse  and  one  pair  of 
opposite  sides  constantly  tonch  a  similar,  similarly  situated  and  con- 
centric ellipse  ;  shew  that  the  remaining  pair  of  sides  are  tangents  to  a 
third  ellipse  and  the  square  on  a  principal  semi-axis  of  the  original 
ellipse  is  equal  to  the  sum  of  the  squares  on  the  corresponding  semi- 
axes  of  the  other  two  ellipses. 

12.  Find  the  locus  of  the  middle  point  of  a  chord  of  an  ellipse 
which  cuts  off  a  constant  area  from  the  curve. 

13.  Find  the  locus  of  the  middle  point  of  a  chord  of  a  parabola 
which  cuts  off  a  constant  area  from  the  curve. 

14.  A  parallelogram  circumscribes  an  ellipse,  touching  the  curve 
at  the  extremities  of  conjugate  diameters,  and  another  parallelogram 
is  formed  by  joining  the  points  where  its  diagonals  meet  the  ellipse : 
prove  that  the  area  of  the  inner  parallelogram  is  half  that  of  the  outer 
one. 

If  four  similar  and  similarly  situated  ellipses  be  inscribed  in  the 
spaces  between  the  outer  parallelogram  and  the  curve,  prove  that  their 
centres  lie  in  a  similar  and  similarly  situated  ellipse. 

15.  About  a  given  triangle  PQR  is  circumscribed  an  ellipse,  having 
for  centre  the  point  of  intersection  (C)  of  the  lines  from  P,  Q,  R 
bisecting  the  opposite  sides,  and  PC,  QC,  RC  are  produced  to  meet  the 
curve  in  P',  Q',  R' ;  shew  that,  if  tangents  be  drawn  at  these  points, 
the  triangle  so  formed  will  be  similar  to  PQR,  and  four  times  as  great. 

16.  The  locus  of  the  middle  points  of  all  chords  of  an  ellipse  which 
pass  through  a  fixed  point  in  an  ellipse  similar  and  similarly  situated 
to  the  given  ellipse,  and  with  its  centre  in  the  middle  point  of  the  line 
joining  the  given  point  and  the  centre  of  the  given  ellipse. 

17.  PT,  pt  are  tangents  at  the  extremities  of  any  diameter  Pp  of 
an  ellipse;  any  other  diameter  meets  PT  m  T'and  its  conjugate  meets 
pt  in  t;  also  any  tangent  meets  PT  in  T'  and  pt  in  t' ;  shew  that 
PT  \PT'  ::pt'  : pt. 

18.  From  the  ends  P,  D  of  conjugate  diameters  of  an  ellipse  lines 
are  drawn  parallel  to  any  tangent  line ;  from  the  centre  C  any  line  is 
drawn  cutting  these  lines  and  the  tangent  in  p,  d,  t,  respectively ;  prove 
that  Cp2+Cd2=CA 

19.  If  CP,  CD  be  conjugate  diameters  of  an  ellipse,  and  if  BP,  BD 
be  joined,  and  also  AD,  A'P,  these  latter  intersecting  in  0,  the  figure 
BDOP  will  be  a  parallelogram. 

20.  T  is  a  point  on  the  tangent  at  a  point  P  of  an  ellipse,  so  that 
a  perpendicular  from  T  on  the  focal  distance  SP  is  of  constant  length ; 
shew  that  the  locus  of  T  is  a  similar,  similarly  situated  and  concentric 
ellipse. 
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21.  Q  is  a  point  in  one  asymptote,  and  q  in  the  other.  If  Qq  move 
parallel  to  itself,  find  the  locus  of  intersection  of  tangents  to  the 
hyperbola  from  Q  and  q. 

22.  Tangents  are  drawn  to  an  ellipse  from  an  external  point  T. 
The  chord  of  contact  and  the  major  axis,  or  these  produced,  intersect 
in  K,  and  TN  is  drawn  perpendicular  to  the  major  axis.     Prove  that 

ON.  GK=OA\ 

23.  Q  is  a  variable  point  on  the  tangent  at  a  fixed  point  P  of  an 
ellipse  and  R  is  taken  so  that  PQ  =  QR.  If  the  other  tangent  from  Q 
meet  the  ellipse  in  R~,  prove  that  RK  passes  through  a  fixed  point. 

24.  If  through  any  point  on  an  ellipse  there  be  drawn  lines  con- 
jugate to  the  sides  of  an  inscribed  triangle  they  will  meet  the  sides  in 
three  points  in  a  straight  line. 

25.  POP'  is  a  diameter  of  an  ellipse,  and  a  chord  PQ  meets  the 
tangent  at  P'  in  R.  Prove  that  PQ,  PR  have  the  parallel  diameter  for 
a  mean  proportional. 

26.  If  AOA',  BOB'  are  conjugate  diameters  of  an  ellipse,  and  if 
AP  and  BQ  are  parallel  chords,  A'Q  and  B'P  are  parallel  to  conjugate 
diameters. 

27.  If  the  tangents  at  the  ends  of  a  chord  of  an  hyperbola  meet  in 
T,  and  TM,  TM'  be  drawn  parallel  to  the  asymptotes  to  meet  them  in 
M,  M',  then  MM'  is  parallel  to  the  chord. 

28.  If  a  windmill  in  a  level  field  is  working  uniformly  on  a  sunny 
day,  the  speed  of  the  end  of  the  shadow  of  one  sail  varies  as  the  length 
of  the  shadow  of  the  next  sail. 

29.  Spheres  are  drawn  passing  through  a  fixed  point  and  touching 
two  fixed  planes.  Prove  that  the  points  o'f  contact  lie  on  two  circles, 
and  that  the  locus  of  the  centre  of  the  sphere  is  an  ellipse. 

If  the  angle  between  the  planes  is  the  angle  of  an  equilateral 
triangle,  prove  that  the  distance  between  the  foci  of  the  ellipse  is  half 
the  major  axis. 
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M.A.     is.  6d. 

Cicero  De  Senectute  et  De  Amicitia  et 
Epistolae  Selectae.     By  G.  Long,  M.A. 

is.  6d. 

Ciceronis  Orationes  in  Verrem.    By  G. 

Long,  M.A.    2s.  bd. 
Euripides.     By  F.  A.  Paley,  M.A.,  LL.D. 

3  vols.     ts.  each. 
Herodotus.      By  J.  W.   Blakesley,    B.D. 

i  vols.     is.  bd.  each. 
Horatius.       By    A.    J.    Macleane,    M.A. 

u.  bd. 
Juvenalis  et  Persius.  By  A.  J.  Macleane, 

M.A.     is.  bd. 
LUCretiUS.     By  H.  A.  J.  Munro,  M.A.     is. 
OvidiUS.      By    A.  Palmer,    M.A.,    G.   M. 

Edwards,  M.A.,  G.  A.  Davies,  M.A.,  S.  G. 

Owen,  M.A.,  A.  E.  Housman,  M.A.,  and 

J.    P.    POSTGATE,    M.A.,    LlTT.D..      $     Vols. 

a.  each. 


Sallusti  Catilina  et  Jugurtha.     By  G. 

Long,  M.A.     is.  6d. 
Sophocles.     By  F.  A.  Paley,  M.A.,  LL.D. 

IS.  (id. 

Terentius.      By  W.   Wagner,  Ph.D.      is. 
Thucydides-     By  J.  W.   Donaldson,  B.D. 

2  vols.     is.  each. 
VergiliUS.     By  J.  Comngton,  M.A.     is. 
Xenophontis  Expeditio  Cyri.    By  J.  F. 

Macmichael,  M.A.     is.  bd. 
Novum  Testamentum  Graece.     Edited 

by  F.  H.  Scrivener,  M.A.     4J.  bd. 

Editio  Major.      Containing  the  readings 

approved  bv  Bp.  Westcott  and  Dr.  Hort, 
and  those  adopted  by  the  revisers,  etc. 
Small  post  8vo.  New  Edition,  with  emen- 
dations and  corrections  by  Prof.  Eb. 
Nestle.  Printed  on  India  paper,  limp 
cloth,  6s.  net ;  lin-.p  leather,  <}s.  bd.  net  ;  or 
interleaved  with  writing  paper,  limp 
leather,  fox.  6d.  net. 


Other   Editions,   Text?,   &c. 


AnthOlOgia  Latina.  A  Selection  of  Choice 
Latin  Hoetry,  with  Notes.  By  Rev.  F.  St. 
John  Thackeray,  M.A.     i6mo.     as.  6d. 

AnthOlOgia  Graeca.  A  Selection  from  the 
(ireek  Poets.  By  Rev.  F.  St.  John 
Thackeray,  M.A.     i6mo.     4s.  6d. 

AristophaniS  Comoediae.  Edited  by  H.  A. 
Holden,  LL.  D.     Demy  8vo.     \8s. 

The  Plavs  separately  :  Acharnenses,  is.; 
Equites,  is.bd.;  Nubes,  2/.;  Vespae,  is. ; 
Pax,-  is.;  Lysistrata,  et  Thesmophoriazu- 
sae,4J. ;  Aves,  is.;  Kanae,  is . ;  Plutus,  is. 


Aristophanes,   The  Comedies  of.    The 

Greek  Text,  revised,  and  a  Metrical  Trans- 
lation on  Opposite  Pages,  together  with 
Introduction  and  Commentary.  By  Ben- 
jamin Bickley  Rogers,  M.A.  6  vols.  Fcap. 
4to.     lis.  each.  e 

Now  Ready:  Vol.  V.,  containing  The 
Frogs  and  The  Ecclesiaznsae;  and  the 
following  separate  plays:  Frogs,  ioj.  bd.; 
Ecclesiazusae,  js.  6d.;  Ihesmophoriazusae, 
is.  bd. ;  Birds,  10/.  bd. 


Select  Educational  Catalogue 


Other  Editions,  Texts,  &c.— continued 


Corpus    Poetarum    Latinorum,    a    se 

aliisque  denuo  recognitorum  et  brevi  lec- 
tionum  varietate  instructorum,  edidit  Jo- 
hannes PercivalPostgate,  Litt.D.  Tom. I. 
quo  continentur  Ennius,  Lucretius,  Catul- 
lus, Horatius,  Vergilius,  Tibullus,  Proper- 
tius,  Ovidius.  Large  post  4to.  2$s.  net. 
Or  in  Two  Parts  sewed,  12s.  each  net. 

Tom  II  quo  continentur  Grattius, 
Manilius,  Phaedrus,  Aetna,  Persius,  Lucan, 
Valerius  Flaccus,  Calpurnius  Siculus, 
Columella,  Silius  Italicus,  Statius,  Martial, 
Juvenal,  Nemesianus.  25*.  net ;  or  Part 
III.,  gs.  net;  Part  IV.,  gs.  net;  Part  V., 
6s.  net. 

Corpus  Poetarum  Latinorum .    Ed  i  ted  by 

Walker,     i  thick  vol.  8vo.     Cloth,  i8j. 

Catullus.  Edited  by  J.  P.  Postdate,  M.A., 
Litt.D.     Fcap.  8vo.    3/. 

Horace.  The  Latin  Text,  with  Conington's 
Translation  on  opposite  pages.  Pocket  Edi- 
tion. 4/.  net;  or  in  leather,  $s.  net.  Also 
in  2  vols.,  limp  leather.  The  Odes,  2s.  net; 
Satires  and  Epistles,  2S.  6d.  net. 

Livy.  The  first  five  Books.  Prendeville's 
edition  revised  bv  ].  H.  Freese,  M.A. 
Books  I.,  II.,  IIL.'IV'.,  V.     is.  6d.  each. 

Lucan.  The  Pharsalia.  Ry  C.  E.  Has- 
kins,  M.A.  With  an  Introduction  by 
W.  E.  Hehlani),  M.A.     Demy  8vo.     14$. 


Lucretius.  Titi  Lucreti  Cari  de  re- 
rum  natura  libri  sex.     Edited  with 

Notes,  Introduction,  and  Translation,  by 
the  late  H.  A.  J.  Mvjnro.  3  vols.  8vo. 
Vols.  I.  and  II.  Introduction,  Text  and 
Notes.  18/.     Vol.  III.  Translation,  6s. 

Ovid.  The  Metamorphoses.   Book  XIII. 

With  Introduction  and  Notes  by  Prof.  C.  H. 
Keene,  M.A.     2s.  bd. 

The  Metamorphoses.     Book   XIV. 

With    Introduction    and    Notes    by   Prof. 

C.  H.  Keene,  M.A.     2s.6d. 

V  Books  XIII.  and  XIV.  together.    is.6d. 

Pindar.    Myths  from  Pindar.    Selected 

and  edited  by  H.  R.  King,  M.A.  With 
Illustrations.     Post  8vo.     2s.  6d.  net. 

Plato.    The  Proem  to  the  Republic  of 

PlatO.  (Book  I.  and  Book  II.  chaps.  1— 10.) 
Edited,  with  Introduction,  Critical  Notes, 
and  Commentary,  by  Prof.  T.  G.  Tucker, 
Litt.D.     6s. 

Propertius.     Sexti   Properti  Carmina 

recognovit  J.   P.   Postgate,  Litt.D.    4to. 
is.  net. 
TheOClitUS.     Edited,  with  Introduction  and 
Notes,  by  R.  J.  Cholmeley,  M.A.     Crown 
8vo.     >]s.  6d. 

Thucydides.  The  History  of  the  Pelo- 
ponnesian  War.  With  Notes  and  a 
Collation  of  the  MSS.  By  the  late 
R.  Shilleto,  M.A.  Book  I.  8vo.  6s.  6d. 
Book  II.    is.  6d. 


Latin   and   Greek   Class   Books 


Bell's     Illustrated     Latin      Readers. 

Edited  by  E.  C.  Marchant,  M.A. 

Pott  8vo.     With  brief  Notes,  Vocabularies, 

and  numerous  Illustrations,     is.  each. 

Scalae   Primae.      A   Selection    of    Simple 

Stories  for  Translation  into  English. 
Scalae     Mediae.      Short      Extracts     from 

Eutropius  and  Caesar. 
Scalae  Tertiae.      Selections  in  Prose  and 
Verse    from    Phaedrus,  Ovid,  Nepos   and 
Cicero. 


Bell's  Illustrated  Latin  Course,  for  the 

First  Year.  In  three  Parts.  By  E.  C. 
Marchant,  M.A.,andJ.  G.  Spencer,  B.A. 
With  Coloured  Plates  and  numerous  other 
Illustrations,     u.  6d.  each. 

Bell's  Concise  Latin  Course.    By  E.  c. 

Marchant,  M.A.,  and  J.  G.  Sfencer,  B.A. 
1  vol.     2S. 

Latin  Primer.  By  the  Rev.  A.  C  Clapin, 
M.A.     is. 

EclOgSJ  Latinse ;  or,  First  Latin  Reading 
Book.  With  Notes  and  Vocabulary  by  the 
late  Rev.  P.  Frost,  M.A.     is.6d. 

Latin  Exercises  and  Grammar  Papers. 

By  T.  Collins,  M.A.     2s.6d. 
Unseen  Papers  in  Latin  Prose  and  Verse. 
By  T.  Collins,  M. A.,    is,  6d. 


Latin  Unseens.  Selected  and  arranged  by 
E.  C.  Marchant,  M.A.     ix. 

First  Exercises  in  Latin  Prose  Com- 
position. By  E.  A.  Wells,  M.A.  With 
Vocabulary,     is. 

Materials  for  Latin  Prose  Composition. 

By  the    Rev*.    V.    Frost,   M.A.     2s.     Key, 
4s.  net. 

Passages  for  Translation  into   Latin 

Prose.       By     Professor    H.    Nettleship, 
M.A.     y.     Key,  4s.  6d.  net. 

Easy  Translations  from  Nepos,  Caesar, 
Cicero,  Livy,  &c,  for  Retranslation  into 
Latin.     By  T.  Collins,  M.A.     2s. 

Latin    Syntax    Exercises.      By   L.   D. 

Wainwright,  M.A.     Five  Parts.    Sd.  each. 

A  Latin  Verse   Book.     By  the  Rev.  p. 

Frost,  M.A.     2s.     Key,  is.  net. 

Latin  Elegiac  Verse,  Easy  Exercises  in. 
By  the  Rev.  J.  Penrose.  2s.  Key,  3*.  6d. 
net. 

Foliorum  Silvula.  Part  I.  Passages  for 
Translation  into  Latin  Elegiac  and  Heroic 
Verse.     By  H.  A.  Holden,  LL.D.     is.  6d. 


George  Bell  b?  Sons' 


Latin  and  Greek  Class  Hooks— continued 


Res  Romanao,  being  brief  Aids  to  the  His- 
tory, Geographv,  Literature  and  Antiquities 
of  Ancient  Rome.  By  E.  P.  Coleridge, 
M.A.     With  3  maps.     as.  61. 

Climax  Prote.    A  First  Greek  Reader. 

With  Hints  and  Vocabulary.  By  E.  C. 
Marchant,  M.A.  With  30  illustrations. 
is.  6ti. 

GreekVerbs.  By  |.  S.Baird.t.C.D.  is. 6<i. 

Analecta  Graeca  Minora.  With  Notes  and 

Dictionary.     By  the  Rev.  P.  Frost,  M.A. 


Unseen  Papers  in  Greek  Prose  and  Verse. 
By  T.  Collins,  M.A.    3s. 


Notes  on  Greek  Accents. 
A.  Barry,  D.D.     is. 


BytheRt.  Rev. 


Res  Graecae.  Being  Aids  to  the  study  of 
the  History,  Geography,  Archaeology,  and 
Literature  of  Ancient  Athens.  By  E.  P. 
Coleridge,  M.A..  With  $  Maps,  7  Plans, 
and  17  other  illustrations.     5*. 

Notabilia  Quaedam.    it. 


Bell's  Classical  Translations 

Crown  8vo.     Paper  Covers,     is.  each 


^iSChylus :  Agamemnon.  Translated  by 
Walter  Headlam,  Litt.D. 

The  Suppliants.    Translated  by  Walter 

Headlam,  Litt.D. 

Choephoroe.     Translated     by     Walter 

Headlam,  Litt.D. 
Aristophanes :  The    Acharnians.    Trans- 
la'ed  by  W.  H.  Covington.  B.A. 

The    Plutus.      Translated    by    M.     T. 

Quinn,  M.A. 

Csesar'S  Gallic  War.  Translated  by  W.  A 
M'Devitte.  B.A.  2  Vols.  (Books  I. -IV., 
and  Books  V.-VIL). 

Cicero:  Friendship  and  Old  Age.  Trans- 
lated by  G.  H.  Wells,  M.A. 

■ ■  Orations.      Translated   by  Prof.  C.  D. 

Yonge,  M.A.  6  vols.  Catiline,  Murena, 
Sulla  and  Archias  (in  one  vol.),  Manilian 
Law,  Sextius,  Milo. 

Demosthenes  on  the  Crown.  Translated 
by  C.  Ran.n  Kennedy. 

Euripides.  Translated  by  E.  P.  Coleridge, 
M.A.  14  vols.  Medea  —  Alcestis — Hera- 
cleidae — Hippolytus — Supplices — Troades — 
Ion — Andromache  —  Bacchae  —  Hecuba  — 
Hercules  Furens  —  Phcenissae  —  Orestes — 
Iphigenia  in  Tauris. 

Homer's  Iliad.  Bks.  I.  and  II.,  Bks.  m.-iv. 

Translated  by  E.  H.  Blakeney,  M.A. 

Book   XXIV.      Translated    by    E.    H. 

Blakeney,  M.A. 

Horace.  Translated  by  A.  Hamilton 
Bryce,  LL.D.  4  vols.  Odes,  Books  I.  and 
11.- Odes,  Books  III.  and  IV.,  Carmen 
Seculare  and  Epodes — Satires — Epistles 
and  Ars  Poetica. 

Livy.  Books  I.,  II.,  III.,  IV.  Translated  by 
J.  H.  Freese,  M.A.    With  Maps.    4  vols. 


Livy.  Books  V.  and  VI.  Translated  by  E.  S. 
Weymouth,  M.A.  Lond.  With  Maps. 
2  vols. 

Book    IX.       Translated    by     Francis 

Storr,  M.A.     With  Map. 

Books    XXL,   XX1L,   XXIII.     Trans- 

lated  by  J.  Bernard  Baker,  M.A.     3  vols. 

Lucan:  The  Pharsalia.  Book  I.  Trans- 
lated bv  Frederick  Conway,  M.A. 

Ovld'S  Fasti.  Translated  by  Henry  T. 
Riley,  M.A.  3  vols.  Books  I.  and  II.— 
Books  111.  and  IV.— Books  V.  and  VI. 

Tristia.      Translated     by     Henry     T. 

Riley,  M.A. 

Plato  :  Apology  of  Socrates  and  Crito  (I  vol.), 
Phaedo,  and  Protagoras.  Translated  by  H. 
Cary,  M.A.     3  vols. 

PlautUS :  Trinummus,  Aulularia.Mena-chmi, 
and  Captivi.  Translated  by  Henry  T. 
Riley,  M.A.     4  vols. 

Sophocles.  Translated  by  E.  P.  Cole- 
ridge, M.A.  7  vols.  Antigone — Philoc- 
tetes — CEdipus  Rex — CEdipus  Coloneus — 
Elect  ra — Trachiniae — Ajax. 

ThUCVdideS.  Book  VI.  Translated  by 
E.  C.  Marchant,  M.A. 

Book  VII.  Translated  by  E.  C.  Mar- 
chant,  M.A. 

Virgil.  Translated  by  A.  Hamilton  Bryce, 
LL.D.  6  vols.  Bucolics — Georgics  — 
^Eneid,  1-3 — /Eneid,  4-6 — /Eneid,  7-9 — 
/Eneid,  10-12. 

Xenophon'S  Anabasis.  Translated  by  the 
Rev.  J.  S.  Watson,  M.A.  With  Map,  3 
vols.  "Books  I.  and  II.— Books  III.,  IV., 
and  V.— Books  VI.  and  VII. 

Hellenics.  Books  I.  and  II.  Trans- 
lated by  the  Rev.  H.  Dale,  M.A. 


For  other  Translations  from  the  Classics,  see  the  Catalogue  of  Bohn's 
Libraries,  which  will  be  forwarded  on  application. 


Select  Educational  Catalogue 


MATHEMATICS 

Full  catalogue  of  Mathematical  Books  post  free  on  application 

Cambridge  Mathematical  Series 


New  School  Arithmetic.    By  C.  Pendle- 

bury,  M.A.,  and   F.  E.   Robinson,    M.A. 

With   or   without   Answers.     43.    td.      In 

Two  Parts.     2s.  td.  each. 
Key  to  Part  II.,  »s.  td.  net. 
New    School    Examples    in    a    separate 

volume,  31.   Or  in  Two  Parts,  is.  td.  and  2/. 
Arithmetic,    with  8000  Examples.      By  C. 

Pendlebury,  M.A.    4s.  td.    In  Two  Parts. 

is.  td.  each. 

Key  to  Part  II.,  js.  6d.  net. 

Examples  in  Arithmetic.  Extracted  from 
the  above.  31.  Or  in  Two  Parts,  is.  td. 
and  2s. 

Commercial  Arithmetic.  By  C.  Pendle- 
bury, M.A.,  and  W.  S.  Beard,  F.R.G.S. 
2s.6d.  Part  I.  separately,  is.  Part  II.,  is.  6d. 

Arithmetic  for  Indian  Schools.     By  c. 

Pendlebury.  M.A.,  and  T.  S.  Tait.     3/. 

Examples  in  Arithmetic.  By  C.O.Tuckey, 

M.A.     With  or  without  Answers,  3/. 

Junior  Practical  Mathematics.    By  W. 

J.  Stainer,  B.A.  3/.,  with  Answers, 
y.  6d.  Part  I.,  is.,  with  Answers,  is.  td. 
Part  II.,  is.  (td. 

Elementary  Algebra.    By  w.  M.  Baker, 

M.A.,  and  A.  A.  Bourne,  M.A.  With  or 
without  Answers.  4s.  6d.  In  Two  Parts. 
Part  I.,  2s.  td.,  or  with  Answers,  y.  Part 
II.,  with  or  without  Answers,  2s.  6d. 
Key,  iof.  net ;  or  in  2  Parts,  ?j.  net  each. 
Examples  in  Algebra.  Extracted  from 
above.  With  or  without  Answers,  3*.  Or 
in  Two  Parts.  Part  I.,  is.  td.,  or  with 
Answers,  21.  Part  II.,  with  or  without 
Answers,  2s. 

Examples  in  Algebra.    By  C.  O.  Tuckey, 

M.A.     With  or  without  answers,     y. 

Supplementary  Examples.    6'/.  net. 

Elementary  Algebra  for  use  in  Indian 

Schools.   ByJ.T.  Hathornthwaite,  M.A. 

2S. 

Choice  and  Chance.  By  W.  A.  Whit- 
worth,  M.A.     is.  td. 

DCC    Exercises,    including    Hints   for 

the  Solution  of  all  the  Questions  in  "  Choice 
and  Chance."    6s. 

Euclid-  Books  I— VI.,  and  part  of  Book  XI. 
By  Horace  Deighton,  M.A.  4s.  td.,  or 
Book  I.,  is.  Books  I.  and  II.,  is.  td.  Books 
I.— III.,  2s.  td.  Books  I.— IV.,  y.  Books 
III.  and  IV.,  is.  6  d  Books  V.— XI.,  2s.  td. 
Key,  $s.  net. 

Introduction  to  Euclid.  By  Horace 
Dkighton,  M.A.,  and  O.  Emtage,  B.A. 
is.  td. 

Euclid.  Exercises  on  Euclid  and  in  Modern 
Geometry.   By  |.  McDowell,  M.A.     ts. 

Elementary  Graphs.  By  w.  M.  Baker, 
M.A.,  and  A.  A.  Bourne,  M.A.    td.  net. 


Elementary  Geometry.  BvW.m,  Baker, 

M.A., and  A.  A.  Bourne,  M.A.  4s.  td.  Or 
in  Parts.  Book  I.,  is.  Books  I.  and  II., 
is.td.  Books  \.~U\.,2S.td.  Books  II.  and  III., 
is.  td.  Book  IV.,  is.  Books  I.-1V.,  3*. 
Books  II.-IV.,  2s.  td.  Books  III.  and  IV., 
is.  6d.  Book  V.,  is.  td.  Books  IV.  and  V., 
2S,  Books  IV.-VII.,  y.  Books  V.-VII., 
is.  td.  Books  VI.  and  VII.,  is.  td. 
Answers  to  Examples,  td.  net.    Key,  ts.  net. 

Experimental  Geometry.  By  w.  M. 
Baker,  M.A.,  and  A.  A.  Bourne,  M.A. 

[In  the  Press. 

Examples  in  Practical  Geometry  and 

Mensuration.   By  J.W.  Marshall,  M.A., 
and  C.  O.  Tuckey,  M.A.,  is.  td. 
A  New  Trigonometry  for  Schools.    By 

W.   G.   B'irchardt,    M.A.,   and   the   Rev. 
A.  D.  Perrott,  M.A.     4s.  td.    Or  in  Two 
Parts,  3J.  ti.  each. 
Key,  10s.  net;  or  in  2  Parts,  $s.  net  each. 

Elementary  Trigonometry.  By  Charles 
Pendlebury,  M.A.,  F.R.A.S.    4s.  td. 

Short  Course  of  Elementary  Place  Tri- 
gonometry. By  Charles  Pendlebury, 
M.A.     is.  td. 

Elementary  Trigonometry.  Bv  J.  M. 
Dyer,  M.A.,  and  the  Rev.  R.  H.  Whit- 
combe,  M.A.     4s.  td. 

Algebraic  Geometry.  By  W.  M.  Baker, 
M.A.  bs.  Parti,  (f  he  Straight  Line  and 
Circle),  2'.  td. 

Analytical  Geometry    for    Beginners. 

By  Rev.  T.  G.  Vyvyan,  M.A.  Part  I.  The 
Straight  L;ne  and  Circle.     2s.  td. 

Examples    in    Analytical    Conies    for 

Beginners.      By    W.    M.    Baker,    M.A. 

2s.  bd. 
Conic  Sections,  treated  Geometrically.     By 

W.  H.  Besant,  Sc.D.,  F.R.S.  4s.  td.    Key, 

is.  not. 
Elementary  Conies,  being  the  first  8  chap. 

ters  of  t 'e  above.     2s.  td. 

Conies,  the  Elementary  Geometry  of. 

Bv  Rev.  C.  Taylor,  D.D.     $s. 

Differential   Calculus    for    Beginners. 

By  A.  Lodge,  M.A.     With  Introduction  by 
Sir  Oliver  Lodge.     4s.  td. 
Integral  Calculus  for  Beginners.    By 

A.  Lodge,  M.A.,  4s.  td. 

Roulettes  and  Glissettes.     By  w.  H. 

Besant,  Sc  D.,  F.R.S.    $s. 
Geometrical     Optics.       An     Elementary 

Treatise  bv  W.  S.  Aldis,  M.A.     4/. 

The  Elements  of  Applied  Mathematics. 

Including  Kinetics,  Statics,  and  Hydro- 
statics.    By  C.  M.  Jessop,  M.A.     4.'.  bd. 

Practical  Mathematics.   By  H.  A.  Stern, 

M.A.,  and  W.  H.  Topham.  4s.  td.;  or 
Part  I.,  2s.  td. ;  Part  II.,  y.  td. 
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Cambridge  Mathematical  Series— continued 


Elementary   Hydrostatics.     By  W.  H. 

Besant,  Sc.D.     41.  6d.     Solutions,  $s.  net. 

The   Student's  Dynamics.     Comprising 

Statics  and  Kinetics,     fciy  G.  M.  Minchin, 
M.A..  F.R.S.     3/.  6d. 
Elementary     Dynamics.     By    W.    M. 

Haker,  M.A.     New  Revised  Edition,  41.  6d. 

Elementary  Dynamics.   ByW.  Garnett, 

M.A.,  D.C.L.    6/. 
D/namiCS,    A    Treatise    on.      By    W     H. 

Besan  i.Sc.D.,  F.R.S.     101.  6d. 


Heat,  An  Elementary  Treatise  on.  By  \V. 
Garnett,  M.A.,  D.C.L.     41.  6,1. 

Elementary  Physics,  Examples  and  Ex- 
amination Papers  in.  By  \V.  Gallatly, 
M.A.     4r. 

Mechanics,  A  Collection  of  Problems  in' 
Elementary.     By  W.  Walton,  M.A.     6s. 

Uniform   Volume 
Geometrical    Drawing.     For  Army  and 
other  Examinations.  By  R.  Harris,  3/.  6d. 


Other   Mathematical  Works 


The  Mathematical  Gazette.    Edited  by 

F.  S.  Macaixay,  M.A.,  U.Sc. ;  F.  W.  Hill, 
M.A.;  and  W.  J.  Greenstreet,  M.A. 
Published  in  Jan,  March,  May,  July,  Oct. 
and  Dec.     8vo.     is.  6rf.net. 

The  Teaching  of  Elementary  Mathe- 
matics, being  the  Report  of  the  Committee 
of  the  Mathematical  Association.     6rf.  net. 

A  Junior  Arithmetic.  By  C.  Pendlebury, 

M.A.,  and  F.  E.  Robinson,  M.A.  is.  6d. 
With  Answers,  is. 

A   New  Shilling  Arithmetic.      By  c. 

Pendlebury,  M.A.,  and  F.  E.   Robinson, 
M.A.     is.  ;  or  with  Answers,  is.  4<i. 
A    Shilling    Arithmetic.        By    Charles 
Pendlebury,    M.A.,    and   W.    S.    Beard, 
F.R.G.S.     is.     With  Answers,  is.  4^. 

Elementary  Arithmetic.     By  the  same 

Authors,  is.  6.1.   With  or  without  Answers. 

Graduated   Arithmetic,  for  junior  and 

Private  Schools.  By  the  same  Authors. 
In  seven  parts,  in  stiff  canvas  covers. 
Parts  I.,  II.,  and  III.,  3d.  each  ;  Parts  IV., 
V.,  and  VI.,  4,7.  each  ;  Part  VII.,  6,1. 

Answers  to   Parts  I.   and   II.,  4J.   net; 
Parts  I1I.-VII.,  4,/.  net  each. 

Arithmetic  for  the  Standards  (Scheme 

B).  Standard  I.,  sewed,  2,1.,  cloth,  3d.  ; 
II.,  III.,  IV.,  and  V.,  sewed,  3d. each,  cloth, 
41I  each;  VI.  and  VII.,  sewed,  4rf.  each, 
cloth,  6rf.  each.  Answers  to  each  Stand- 
ard, 4rf.  net  each. 

Test  Cards  in  Arithmetic  (Scheme  B). 
ByC.  Pendlebury,  M.A.  For  Standards  II., 
III.,  IV.,  V.,  VI.  and  VII.     is.  net  each. 


Examination  Papers  in  Arithmetic.   By 

C.  Pendlebury.  M.A.    2s.  6/j.    Key,  is.  net. 

Graduated  Exercises  in  Addition  (.Simple 

and  Compound).     By  W.  S.  Beard,     is. 
A  First  Algebra.     By  W.  M .  Baker,  M  .A. . 
and  A.  A.  BjUrne,  M.A.     is.  6d. ;  or  with 
Answers,  2s. 

Algebra  for  Elementary  Schools.     By 

W.  M.  Baker,  M.A.,   and  A.  A.  Bourne, 
M.A.     Three   stages,  6d.  each.     Cloth,  8rf. 
each.     Answers,  41.  net  each. 
Trigonometry,    Examination     Papers    in. 
By  G.  H.  Ward,  M.A.  is.  61.   Kev,  51.  net. 

Pure  Mathematics  and  Natural  Phil- 
osophy, A  Compendium  of  Facts  and 
Formula  in.  By  G.  R.  Smalley,  F.R.A.S. 
Revised  by  J.  McDowell,  M.A.     is. 

Euclid,  The  Elements  Of.  The  Enuncia- 
tions and  Figures.  By  the  late  J.  Brasse, 
D.D.     11.     Without  the  Fi?ures."6d. 

Hydromechanics.     By  w.   H.    Besant, 

Sc.D.,  and  A.  S.  Ramsey,  M.A.     Part  I., 

Hydrostatics.     6j. 
Hydrodynamics,  A  Treatise  on.    By  A.  B. 

Basset,   M.A.,  F.R.S.      Vol.   I.      101.  6d. 

Vol.  II.'  11s.  6d. 

Hydrodynamics  and  Sound,  An  Elemen- 
tary Treatise  on.  By  A.  B.  Basset,  M.A., 
F.R.S.     8/. 

Physical  Optics,  A  Treatise  on.  By  A.  B. 
Basset,  M.A. ,  F.R.S.     16s. 

Elementary  Treatise  on  Cubic  and 
QuartiC  Curves.  By  A.  B.  Basset,  M. A., 
F  R.S.     10s.  6rf. 

Analytical  Geometry.  By  Rev.  T.  G. 
Vyvyan,  M.A.    4/.  6d. 


Book-keeping 


Book-keeping  by  Double  Entry,  Theo- 
retical, Practical,  and  for  Examination 
Purposes.  By  J.  T.  Medhurst,  A.K.C., 
F.S.S.     11.  6d. 

Book-keeping,    Examination     Papers     in. 


Compiled   by  John  T.  Medhurst,  A.K.C. 
31.     Key,  is.  6rf.  net. 


F.S.i 


Book-keeping,  Graduated  Exercises  and 
Examination  Papers  in.  Compiled  by  P. 
Murray,  F.S.S. S.,  F.Sc.S.  (Lond.).  is.  6d. 

Text-Book  of  the  Principles  and  Prac- 
tice of  Book-keeping  and  Estate- 
Office  Work.  By  Prof.  A.  W.  Thomson, 
B.Sc.    is. 


Select  Educational  Catalogue 


ENGLISH 


GRAMMARS 
By  C.  P.  Mason    B.A.,  F.C.P. 

First  Notions  of  Grammar  for  Young 

Learners,    u. 
First  Step3  in  English  Grammar,  for 

Junior  Classes,    u. 
Outlines  of  English  Grammar,  for  the 

Use  of  Junior  Classes,    is. 
English  Grammar;  including  the  principles 

of  Grammatical  Analysis.      3*.  6d. 

A  Shorter  English  Grammar,    y.  6./. 
Practice  and  Help  in  the  Analysis  of 

Sentences.    */. 
English   Grammar  Practice,  consisting 

of  the  Exercises  of  the  Shorter  English 
Grammar  in  a  separate  form.     is. 

Preparatory   English    Grammar.     By 

W.  Benson,  M.A.     8-/. 

Rudiments  of  English  Grammar  and 

Analysis.     By  Ernest  Adams,  Ph.D.     is. 

Examples   for  Analysis   in   Verse   and 

Prose.    Selected  bv  F.  En  wards,     is. 

The  Paraphrase  of  Poetry.    By  Edmund 

Candler,     is.  6.1. 

Essays  and  Essay-Writing,  for  Public 
Examinations.  By  A.  W.  Ready,  b.a. 
is.  6d. 

Precis  and  Precis-Writing.     By  A.  w. 

Ready,  B.A.  4s.  6d.   Or  without  Key,  3/.  6<1. 

Elements  of  the  English  Language-    By 

Ernest  Adams,  Ph.D.  Revised  by  J.  F. 
Davis,  D.Lit.,  M.A.     4!.  (id. 

History  of  the  English  Language.    By 

Prof.  T.  R.  Louxsbury.     S*. 
Ten  Brink's  Early  English  Literature. 

Translated  fro  11  the  Gennan.  3  vols. 
3s.  6,1.  each.  Vol.  I.  (to  Wiclif).  Vol.  II. 
(Wiclif,  Chaucer,  Earliest  Drama.  Renais- 
sance).     Vol.  III.  (to  the  Death  of  Surrey). 


Introduction    to    English    Literature. 

By  Henry  S.  Pancoast.     51. 
Handbooks     of    English     Literature. 
Edited  by  Prof.  Hales.     3.*.  6d.  net  each. 
The  Age  of  Chaucer.  (1346-1400.)  By  F.  J. 

Snell. 
The  Age  of  Transition  (1400-1580).     By 

F.J.  Snell,  M.A.      2  vols. 
Ihe  Age  of  Shakespeare  (1579-1631).     By 

Thomas   Seccombe  and  J.  W.  Allen. 

2  vols.       Vol.    I.      Poetry   and    Prose. 

Vol.    II.     Drama. 
The  Age   of    Milton.     (1632— 1660.)     By 

the  Rev.  J.  H.  B.  Masierman,  M.A., 

with    Introduction,    etc.,   by    J.    Bass 

Mullinoer,  M.A. 
The   Age  of   Drvden.     (1660 — 1700.)    By 

R.  Garnett,  LL.D.,  C.B. 
The   Age    of    Pope.      (1700— 1744.)      By 

John  Dennis. 
The  Age  of  Johnson.      (1744— 1798.)     By 

Thomas  Seccomee. 
The  Age  of  Wordsworth.     (179S— 1832.) 

By  Prof.  C.  H.  Herford,  Litt.D. 
The  Age  of  Tennvson.     (1830 — 1870.)     By 

Prof.  Hugh  Walker. 
Notes  on  Shakespeare's  Plays.     With 

Introduction,  Summary,  Notes  (Etymologi- 
cal and  Explanatory),  Prosody,  Grammati- 
cal Peculiarities,  etc.  By  T.  Duff  Bar- 
nett,  B.A.     is.  each. 

Midsummer  Night's  Dream.  —  Julius 
Caesar.  —  The  Tempest.  —  Macbeth. — 
Henry V. — Hamlet. — Merchant  of  Venice. 
— King  Richard  II. — King  John. — King 
Richard  III. — King  Lear. — Coriolanus.— 
Twelfth  Night.— As  You  Like  It.— Much 
Ado  About  Nothing. 


Bell's  English  Texts  for  Secondary  Schools 

Edited  by  A.  Guthkelch,  B.A. 


First  Year. 
Kingsley's  Heroes.     Edited  by  L.  H.  Poxd, 

B.A.     iorf. 
Lamb,  Tales  from   Shakespea'e.     Selected 
and  edited  by  R.  S.  Bate,  M.A.     lod. 
Second  Year. 

•  Scott's  Ivanhoe  (Abridged),  edited  by  F.C. 
Luckhurst. 
Longfellow's    Hiawatha.       Edited    by  A. 

Guthkelch,  B.A. 
Stories  of  King  Arthur,  from    Malory  and 
Tennyson.      Edited  by  R.  S.  Bate,  M.A. 
lod. 
Third  Year. 

Coleridge,'    The     Ancient     Mariner ;     and 

Th3  Teaching  of  English  Literature  in  the  Secondary  School 


eelch,  B.A.,  and  R.  S.   Bate,  M.A.     Crown  8vo. 


Selected   Old    English    Ballads.     Edited 
by  A.  Guthkelch,  B.A. 
Selections  from  Boswell's  Life  of  Johnson. 

Fourth  Year. 

Charles  Lamb,  Selected  Essays  and 
Letters.     Edited  by  A.  Guthkelch,  B.A. 

Paradise  Lost.  Selections  chosen  to  give 
the  Story  of  the  whole  Poem.  Edited  by 
A.  P.  Nicholls,  B.A. 

Chaucer,  The  Prologue  to  the  Legend  of 
Good  Women.  Edited  by  A.  Guth- 
kelch, B.A. 

English  Odes.  Edited  by  E.  A.  J.  Marsh, 
M.A. 

By   A.   Guth- 
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Bell's    English   Classics 


Bacon's  Essays.  (Selected.)  Edited  by 
A.  E.  Roberts,  M.A.     is.  td. 

Browning,  Selections  from.    Edited  by 

F.  Ryland,  M.A.     is.  td. 

Strafford.     Edited   by  E.  H.  Hickey. 

IS.  td. 

Burke's  Letters  on  a  Regicide  Peace. 

I.  and  II.  Edited  by  H.  G.  Keene,  M.A., 
CLE.     31. ;  sewed,  2s. 

Byron's  Siege  of  Corinth.    Edited  by  p. 

Hordern.     is.  6d. ;  sewed,  is. 

Byron's  Childe  Harold.     Edited  by  H. 

G.  Keene,  M.A.,  CLE.  31.  6d.  Also 
Cantos  I.  and  II.,  sewed,  is.  gd.  Cantos 
III.  and  IV.,  sewed,  is.  qd. 

Carlyle's  Hero  as  Man  of  Letters. 
Edited  by  Mark  Hunter,  M.A.  2s. ; 
sewed,  is.  6d. 

Hero    as    Divinity.       By    Mark 

Hunter,  M.A.     is.  •  sewed,  is.  td. 
Chaucer's    Minor    Poems,    Selections 

from.  Edited  by  J.  B.  Bilderbeck,  M.A., 
2s.  td.;  sewed,  is.  qd. 

De  Quincey's  Revolt  of  the  Tartars 
and  the  English  Mail-Coach.  Edited 
by  Cecil  M.  Barrow,  M.A.,  and  Mark 
Hunter,  M.A.,  3*.  ;  sewed,  is. 

*»*  Revolt  of  the  Tartars,  separately,    is.  6d. 

Opium    Eater.        Edited     by     Mark 

Hunter,  M.A.     41.  6d. ;  sewed,  3/.  td. 

Goldsmith's  Good-Natured  Man  and 
She  Stoops  to  Conquer.  Edited  by  K. 
Deighton.     Each,  is.  cloth  ;  is.  td.  sewed. 

***  The  two  plays  together,  sewed,  is.  td. 

Traveller    and  Deserted  Village. 

Edited  by  the  Rev.  A.  E.  Woodward,  M.A. 
Cloth,  is.,  or  separately,  sewed,  lod.  each. 

Irving's  Sketch  Book.     Edited  by  R.  G. 

Oxenham,  M.A.     Sewed,  is.  td. 

Johnson's  Life  of  Addison.     Edited  by 

F.  Ryland,  M.A.     is.  td. 

Life  Of  Swift.     Edited  by  F.  Ryland, 

M.A.     is. 

Life  Of  Pope.     Edited   by  F.  Ryland, 

M.A.     is.  td. 

***  The  Lives  of  Swift  and  Pope,  together, 
sewed,  is.  td. 


Edited  by  F. 


Johnson's  Life  of  Milton. 

Ryland,  M.A.    is.  td. 

Life  Of  Dryden.    Edited  by  F.  Ryland, 

M.A.     is.  td. 

*»*  The  Lives  of  Milton  and  Dryden, 
together,  sewed,  is.  td. 

—  Lives    of    Prior    and    Congreve. 

Edited  by  F.  Ryland,  M.A.     is-. 

Kingsley's    Heroes.      Edited   by  A.   E. 

Roberts,  M.A.     Illustrated,     is. 

Lamb's  Essays.  Selected  and  Edited  by 
K.  Deighton.    3*. ;  sewed,  is. 

Longfellow,  Selections  from,  includ- 
ing Evangeline.  Edited  by  M.  T.  Quinn, 
M.A.     is.  td.;  sewed,  is.  gd. 

*»*  Evangeline,  separately,  sewed,  11.  3d. 

Macaulay's    Lays    of   Ancient    Rome. 

Edited   by   P.   Hordern.     is.  td.;    sewed, 
is.  qd. 

Essay    on    Clive.       Edited   by   Cecil 

Barrow,  M.A.     is.;  sewed,  is.  6d. 

Massinger's  A  New  Way  to  Pay  Old  Debts. 

Edited  by  K.  Deighton.    3s. ;  sewed,  is. 

Milton's  Paradise  Lost.  Books  in.  and  iv. 

Edited  by  R.  G.  Oxenham,  M.A.  is. ;  sewed, 
ix.  td.,  or  separately,  sewed,  io.i.  each. 

—  Paradise  Regained.     Edited  by  K. 

Deighton.     is.  td. ;  sewd,  is.  gd. 

Pope's  Essay  on    Man.      Edited   by  F. 

Ryland,  M.A.     is.  td. ;  sewed,  is. 

Pope,  Selections  from.      Edited   by  K. 

Deighton.     is.  td.;  sewed,  is.  gd. 

Scott's  Lady  of  the  Lake.     Edited   by 

the   Rev.  A.  E.  Woodward,  M.A.     3s.  td. 

The  Six  Cantos  separately,  sewed,  8d.  each. 

Shakespeare's  Julius  Caesar.    Edited  by 

T.  Duff  Barnett,  B.A.  (Lond.).     is. 

—  Merchant    of   Venice.      Edited   by 

T.  Duff'Barnett,  B.A.  (Lond.).     is. 

—  Tempest.    Edited  by  T.  Duff  Barnett, 
B.A.  (Lond.).     is. 

Wordsworth's     Excursion.       Book     I. 

Edited  by  M.  T.  Quinn,  M.A.  Sewed,  is.  3d. 


Tennyson -The    Princess.      Edited   by  1  Dryden's  Essays  on  the  Drama.    Edited 
Prof.  L.  A.  Sherman.     i6mo.    3s.  td.  |      by  William  STRUNK.jun.     i6mo.     is.td. 


Readers 


York  Readers.  A  new  series  of  Literary 
Readers,  with  Coloured  and  other  Illus- 
trations. 

Primer  I.     3d. 

Primer  II.     4$. 

Infant  Reader,    td. 

Introductory  Reader.     8d. 

Reader,  Book  I.     gd. 

Reader,  Book  II.     10J. 

Reader,  Book  III.     is. 

Reader,  Book  IV.     is.  3d. 

Reader,  Book  V.     is.  td. 


Books  for  Young  Readers.    Illustrated. 
td.  each 

/Esop's  Fables 

The  Old  Boat-House,  etc. 

Tot  and  the  Cat,  etc. 

The  Cat  and  the  Hen,  etc. 

The  Two  Parrots 

The  Lost  Pigs 

The  Story  of  Three  Monkeys 

The  Story  of  a  Cat 

Queen  Bee  and  Busy  Bee 

Gull's  Crag 


Select  Educational  Catalogue 
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Readers — continued, 


Bell's  Reading  Books.  Continuous 
Narrative  Readers.  Post  Svo.  Cloth. 
Illustrated.     ix,  each 

Great  Deeds  in  English  History 

Adventures  of  a  Donkey 

Grimm's  Tales 

Great  Englishmen 

Great  Irishmen 

Andersen's  Tales 

Life  of  Columbus 

Uncle  Tom's  Cabin 

Swiss  Family  Robinson 

Great  Englishwomen 

Great  Scotsmen 

Edgeworth's  Tales 

Gatty's  Parables  from  Nature 

Scott's  Talisman 

Marryat's  Children  of  the  New  Forest 

Dickens'  Oliver  Twist 

Dickens'  Little  Nell 

Masterman  Ready 

Marryat's  Poor  Jack 

Arabian  Nights 

Gulliver's  Travels 

Lyrical  Poetry  for  Boys  and  Girls 

Vicar  of  Wakefield 

Scott's  Ivanhoe 

Lamb's  Tales  from  Shakespeare 

Robinson  Crusoe 

Tales  of  the  Coast 

Settlers  in  Canada 

Southey's  Life  of  Nelson 

Sir  Roger  de  Coverley 

Scott's  Woodstock 


Bell's  Geographical  Readers.    By  M.  j. 

Barrington-Ward,  M.A. 

The  Child's  Geography  Illustrated. 
Stiff  paper  cover.     6d. 

The  Round  World.  (Standard  II.)  Illus- 
trated,    is. 

About  England.  (Standard  III.)  With 
Illustrations  and  Coloured  Map.    is.  46. 

Bell's  Animal  Life  Readers.    A  Series  of 

Reading  Books  for  the  Standards,  designed 
to  inculcate  the  humane  treatment  of 
animals.  Illustrated  by  Harrison  Weir 
and  others. 

*»*  Full  Prospectus  on  application. 

Abbey  History  Readers.    Revised  by  the 
Rt.  Rev.  F.  A.  Gasquet,  D.D.     Fully  Illus- 
trated : 
Early   English    History  (to  1066).     is. 
Stories  from  English  History,  1066-1483. 

is.  3d. 
The  Tudor  Period.     (1485-1603).     is.  3d. 
The  Stuart  Period.    (1603-1714).    is.  6d. 
The     Hanoverian     Period.     (1714-1837). 
is.  6d. 

Bell's  History  Readers.   With  numerous 

Illustrations. 

Early  English  History  (to  1066).     is. 
Stories  from  English  History,  1 066-1483. 

is.  3d. 
The  Tudor  Period  (1485-1603).     u.  31/. 
The  Stuart  Period  (1603-1714).     is.  6d. 
The  Hanoverian  Period  (17 14-1837).  is.dd. 


MODERN  LANGUAGES 
French  and  German  Class  Books 


Bell's  French  Course.  By  R.  P.  Atherton, 
M.A.  Illustrated.  2  Parts,  is.  6d.  each. 
Key  to  the  Exercises,  Part  I.,  6J.  net; 
Part  II.,  is.  net 

Bell's  First  French  Reader.    By  R.  P. 

Atherton,  M.A.     Illustrated,     is. 

French  Historical  Reader.     By  R.  N. 

Adair,  M.A.     is.  6d. 

Gasc's  French  Course 
First  French  Book.    is. 
Second  French  Book.    is.  6d. 
Key  to  First  and  Second  French  Books. 

3s.  6d.  net. 

French  Fables  for  Beginners,    u.  6d. 
Histoires  Amusantes  et  Instructives.  2s. 
Practical    Guide   to    Modern   French 

Conversation,    is.  6d. 
French  Poetry  for  the  Young.    With 

Notes,     is.  6d. 

Materials  for  French  Prose  Com- 
position.   3s.     Key,  6s.  net. 

Prosateurs  Contemporains.   3'-  6d. 

Le  Petit  Compagnon;  a  French  Talk- 
Book  for  Little  Children,     is.  6d. 

By  the  Rev.  A.  C.  Clapin 
French  Grammar  for  Public  Schools. 
2s.  6d.     Key,  3s.  6d.  net 


French  Primer,    w. 

Primer  of  French  Philology,    is. 

English  Passages  for  Translation  into 

French     is.  M-     Key,  41.  net. 

A  German  Grammar  for  Public  Schools. 

2S.  6d. 

By  Professor  A.  Barr6re 
Precis  of  Comparative  French  Grammar 

and  Idioms.    3*.  td. 
Recits    Militaires.      With    Introductions 

and  Notes.     3s. 


Bell's  First  German  Course.    By  L.  B.  T. 

Chaffey,  M.A.     is.  6,1. 
Materials    for    German    Prose    Com- 
position.   By  Dr.  C.  A.  Buchheim.   4s.  6,1. 
A   Key  to  Pts.  I.  and  II. ,  3s.  net.     Pts.  III. 
and  IV.,  4/.  net. 

First  Book  of  German  Prose.     Being 

Parts     I.    and     II.     of     the    above,    with 
Vocabulary,     is.  6d. 
Military   and  Naval  Episodes.    Edited 

by  Professor  Alovs  Weiss,  Ph.D.     31. 

History  of   German    Literature.      By 

Professor  Kuxo  Francrk.     ioj.  net 

Handbook  of  German  Literature,    By 
Mary    E.    Phillips,    LL.A.    3s.  bd. 
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Gasc's  French  Dictionaries 

FRENCH-ENGLISH  AND  ENGLISH-FRENCH  DICTIONARY.    8th  Edition,  reset  and 
enlarged.     Large  8vo.     us.  bd. 

CONCISE  FRENCH  DICTIONARY.     Medium  i6mo.    3,.  bd.    Or  in  Two  Parts,    as.  each 
POCKET  DICTIONARY  OF  THE  FRENCH  AND  ENGLISH  LANGUAGES.  i6mo.  is.  bd. 


French  and  German  Annotated  Editions 


Balzac.    Ursule  Mirouet.    By  J.  BoIelle.  3/. 

Claretie.     Pierrille.   By  J.  BoIelle.    2s.  bd. 

Daudet.  LaBelleNivernaise.ByJ.  BoIelle. 
is. 

Fenelon.  Aventures  de  Tdlemaque.  By 
C.  J.  Uelille.     is.  bd. 

Greville.  Le  Moulin  Frappier.  By  J. 
BoIelle.     3/. 

Hugo.     Bugjargal.     By  J.  BoIelle.    is. 

La  Fontaine.  Select  Fables.  By  F.  E.  A. 
Gasc.     is.  bd. 

Lamartine.  LcTailleur  de  Pierres  de  Saint- 
Point.     By  J.  BoIelle,  B.-es-L.     is.  bd. 

Saintine.     Picciola.     By  Dr.  Dubuc.    is.  bd. 
Voltaire.    CharlesXH.   ByL.  Dirkv.   is.bd. 

Gombert's  French  Drama.  Re-edited, 
with  Notes,  by  F.  E.  A.  Gasc.  Sewed, 
bd.  each. 

Moli&re.  Le  Misanthrope.— L'Avare.— 
Le  BourgeoisGentilhnmme. — LeTartuffe. 
— Le  Malade  Imaginaire.— Les  Femmes 
Savantes. — Les  Fouiberies  de  Scapin. — 
Les  PrtScieuses  Ridicules. — L'Ecole  des 
Femmes.  —  L'Ecole  des  Maris.  —  Le 
Medecin  Malgr6  Lui. 

Racine.  La  Thebaide.— Andromaque. — 
Les  Plaideurs. — Iphigcnie.  —  Britannicus. 
—  Phedre. — Esther. — Athalie. 

Corneille.      Le   Cid.— Horace.— Cinna.— 

Polyeucte. 

Auerbach.  Auf  Wache.  Novelle  von 
Berthold  Auerbach.  Der  Gefrorene  Kuss. 
Novelle  von  Otto  Roquette.  By  A.  A. 
Macdonell,  M.A.,  Ph.O.     as. 

Schwarzwalder    Dorfgeschichten.        A 

Selection.     By  J.  F.  Oavies,  D.Litt.,  M.A., 
and  Prof.  A.  Weiss,  Ph.D.    2s. 

Becnstein.  Neues  Deutches  MSrchenbuch. 
A  Selection.  By  P.  Shaw  Jeffrey,  M.A. 
is.  6d. 

BenediX.  Doktor  Wespe.  By  Professor  F. 
Lange,  Ph.D.     is.  bd. 


By   Professor   R.    W. 


Ebers.    Eine  Frage.    By  F.  Storr,  B.A.     as. 

Freytag.     Die  Journal  isten.     By  Professor 
F.  Lange,  Ph.D.     as.  td. 

Soil  und  Haben.     ByW.  Haxby  Crump, 

M.A.     as.  bd. 

German  Ballads  from  Uhland,  Goethe 

and  Schiller.  By  C.  L.  Bielefeld. 
if.  bd. 

German  Epic  Tales  in  Prose.    I.  Die 

Nibelungen,  von  A.  F.  C.  Vilmar.  II. 
Walther  und  Hildegund,  von  Albert 
Richter.   By  KaklNeuhaus,  Ph.D.   as.  bd. 

Goethe.      Egmont. 
Deering.     as.  bd. 

Hermann    und  Dorothea.     By  E.  Bell, 

M.A.,  and  E.  Wolfel.     is.  bd. 

GutzkOW.     Zopf  und  Schwert.    By  Professor 
F.  Lange,  Ph.D.     as.  bd. 

Hey.     Fabeln  fur  Kinder.     By  Professor  H. 
Lange,  Ph.D.     is.  bd. 

Heyse.    Hans  Lange.    By  A.  A.  Macdonell, 
M.A.,  Ph.D.     is. 

Hoffma'nn.      Meister   Martin,   der    Kufner. 
By  F.  Lange,  Ph.D.     is.  bd. 

Schiller's     Jugendjahre.       By     Haxby 

Crump,  M.A.     is.  bd. 

By 


Lessing.       Minna      von 
Professor  A.  B.  Nichols. 


Barnhelm. 

as.  bd. 


Moser.  Der  Bibliothekar.  By  F.  Lange. 
Ph.D.     as. 

Scheffel.  Ekkehard.  Abridged  edition,  by 
Herman  Hager,  Ph.D.    3/. 

Schiller.  Wallenstein.  By  Dr.  Buchheim. 
5j.  Or  the  Lager  and  Piccolomini,  as.  bd. 
Wallenstein's  Tod,  as.  bd. 

Maid  of  Orleans.     By  Dr.  W.  Wagner. 

is.  bd. 

Maria  Stuart.     By  V.  Kastner.     is.  bd. 

Wild,enbruch.  Ein  Opfer  des  Berufs  und 
Mein  Onkel  aus  Pommern.  By  R.  C. 
Perry,  M.A.     as. 
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Bell's  Modern  Translations 

A    Series    of    Translations    from    Modern    Languages,    with     Memoirs, 
Introductions,  etc.     Crown  8vo.     15.  each 


Dante.     Inferno.    Translated   by   the   Rev. 

H.  F.  Cary,  M.A. 
Purgatorio.      Translated    by   the    Rev. 

II.  F.  Cary,  M.A. 
Paradiso.      Translated     by     the     Rev. 

H.  F.  Cary,  M.A. 
Goethe.     Egmont.      Translated    by    Anna 

Swanwick. 
Iphigeniain  Tauris.  Translated  by  Anna 

Swan  wick. 
Goetz  von  Berlichingen.     Translated  by 

Sir  Walter  Scott. 
Hermann  and  Dorothea.    Translated  by 

E.  A.  Bowri.ng,  C.B. 
Hauff.    The   Caravan.      Translated    by   S. 

Mendel. 
The  Inn  in  the  Spessart.     Translated  by 

S.  Mendel. 
Lessing.     Laokoon.     Translated    by   E.   C. 

Beasley. 
Nathan     the     Wise.      Translated     by 

R.  Dillon  Boylan. 


Lessing.  Minna  von  Barnhelm.  Translated 
by  Ernest  Bill,  M.A. 

Moliere.  Translated  by  C.  Heron  Wall. 
8  vols.  The  Misanthrope. — The  Doctor  in 
Spite  of  Himself. — Tartuffe. — The  Miser. — 
The  Shopkeeper  turned  Gentleman. — The 
Affected  Ladies. — The  Learned  Women. — 
The  Impostures  of  Scapin. 

Racine.  Translated  by  R,  Bruce  Boswell, 
M.A.  $  vols.  Athalie.— Esther.— Iphi- 
genia. — Andromache. — Britannicns. 

Schiller.  William  Tell.  Translated  by 
Sir  Theodore  Martin,  K.C.B.,  LL.D. 
New  edition,  entirety  re-vised. 

The   Maid  of  Orleans.    Translated   by 

Anna  Swanwick. 

Mary  Stuart.   Translated  by  J.  Mellish. 

Wallenstein's  Camp  and  the  Piccolo- 
mini.  Translated  by  J.  Churchill  and 
S.  T.  Coleridge. 

The  Death  of  Wallenstein.     Translated 

by  S.  T.  Coleridge. 


For  other  Translations  from  Modern  Languages,  see  the  Catalogue  of 
Bohn's  Libraries,  which  will  be  forwarded  on  application. 


SCIENCE    AND    TECHNOLOGY 


Elementary  Botany.  By  Percy  Groom, 
M.A.,D.Sc,  F.L.S.  With 275  Illustrations. 
3s.  6d. 

The  Botanist's  Pocket-Book.    By  W.  R. 

Havward.     41.  bd. 

An  Introduction  to  the  Study  of  the 
Comparative   Anatomy  of  Animals. 

By  G.  C.  Bourne,  M.A.,  D.Sc.  With 
numerous  Illustrations.  2  Vols.  4s.  6d.  each. 

Vol.  I.  Animal  Organization.  The  Pro- 
tozoa and  Cuelenterata. 

Vol.  II.  The  Ccelomata. 

A  Manual  Of  Zoology.  By  Richard  Hert- 
wig.  Translated  by  Prof.  J.  S.  Kingsley. 
Illustrated.     12/.  bd.  net. 

Injurious  and  Useful  Insects.  An  Intro- 
duction to  the  Study  of  Economic  Ento- 
mology. By  Professor  L.  C.  Miall,  F.R.S. 
With  100  illustrations,    y.  bd. 


An  Introduction  to  Chemistry.   By  D.s. 

Macnair,  Ph.D.,  B.Sc    2/. 

Chemical   Laboratories    for   Schools. 

Hints  to  teachers  as  to  the  method  of  plan- 
ning and  fitting  up  a  school  laboratory  and 
of  conducting  a  school  course  in  Chemistry. 
By  D.  S.  Macnaik.     td. 

Elementary  Inorganic  Chemistry.  By 
Professor  James  Walker,  D.Sc.     3/.  bd. 

Introduction  to  General  Inorganic 
Chemistry.  By  Dr.  Alexander  Smith. 
*is.  bd.  net. 

First     Year's    Course     in    Practical 

PhySiCS.     By  James  Sinclair,     is.  bd. 

Turbines.  By  W.  H.  Stuart  Garnett. 
8vo.     8s.  bd.  net. 

Electrons.  By  Sir  Oliver  Lodge,  D.Sc, 
LL.D.    8vo.  [In  the  Prtst. 
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Technological  Handbooks 

Edited  by  Sir  H.  Trueman  Wood 

Specially  adapted  for  candidates    in  the    examinations   of   the    City  and 
Guilds  Institute.     Illustrated 


Woollen  and  Worsted  Cloth  Manufac- 
ture. By  Prof.  Roberts  Beaumont,  is.6d. 

Soap  Manufacture.  By  W.  Lawrence 
Gadd,  F.I.C.,  F.C.S.     is. 

Plumbing :  it  Principles  and  Practice. 

By  S.  Stevens  Hellyer.     it. 
Gas  Manufacture.    By  J.  Hornby,  F.I.C. 

Silk-Dyeing  and  Finishing.    By  G.  H. 

Hurst,  F.C.S.     p.  6d. 
Printing.    A  Practical  Treatise.    By  C.  T. 
Jacobi.    Is.  6d. 


Cotton  Spinning:  Its  Development, 
Principles,  and  Practice.  By  R.  Mars- 
den.    6/.  61/. 

Cotton  Weaving:  Its  Development, 
Principles,  and  Practice.  By  R.  Mars- 
den.     IO).  bit. 

Coach  Building.  By  John  Philipson, 
M.Inst. M.E.    6s. 

Bookbinding.    By  J.  W.  Zaehnsdorf.    j*. 

The  Principles  of  Wool  Combing.  By 
Howard  Priestman.    6/. 


Music 

Music,  A  Complete  Text-Book  of.    By  I  Music,  A  Concise  History  of.    By  Rev 

Prof.  H.  C.  Banister,    is.  |      H.  G.  Bonavia  Hunt,  Mus.  Doc.    3s.  6d. 


MENTAL    AND    MORAL    SCIENCE 


Psychology:  An  Introductory   Manual  for 

University  Students.     By  F.  Ryland,  M.A. 

With    lists    of    books   for    Students,   and 

Examination     Papers      set     at      London 

University.     4s.  6d. 
Ethics  :  An  Introductory  Manual  for  the  use 

of  University  Students.      By  F.  Ryland, 

M.A.     3s.  6d. 
Logic.     An  Introductory  Manual  for  the  use 

of   University  Students.     By  F.   Ryland, 

M.A.    4s.  6d. 

The  Principles  of  Logic.    By  Prof.  H.  A. 

Aikins,  Ph.D.    6s.  6ti. 

Handbook   of  the    History   of   Phil- 
osophy.    By  E.  Belfort  Bax.    it. 


History  of  Modern  Philosophy.    By  R. 

Falckenberg.  Trans,  by  Prof.  A.  C. 
Armstrong.     16s. 

Bacon's  Novum  Organum  and  Advance- 
ment Of  Learning.  Edited  by  J.  Devey. 
M.A.     5.'. 

Hegel's  Lectures  on  the  Philosophy  of 

History-  Translated  by  J.  Sibree,  M.A. 
Small  post  8vo.     is. 

Kant's  Critique  of  Pure  Reason.  Trans- 
lated by  ].  M.  D.  Meiklejoh.v.     is. 

Kant's  Prolegomena  and  Metaphysical 
Foundations  of  Science.  Translated  by 
E.  Belfort  Bax.     5*. 

Locke's  Philosophical  Works.  Edited  by 
J.A.St.  John,    a  vols.    3s.6d.ea.ch. 


Modern  Philosophers 

Edited  by  Professor  E.  Hershey  Sneath 


Descartes.  The  Philosophy  of  Des- 
cartes. Selected  and  Translated  by  Prof. 
H.  A.  P.  Torrey.     6s.  net. 

Hume.     The    Philosophy    of    Hume. 

Selected,  with  an    Introduction,   by   Prof. 
Herbert  A.  Aikins.     4t.net. 


Locke.    The  Philosophy  of  Locke.    B? 

Prof.  ]ohn  E.  Russell.     4s.  net. 

Reid.    The  Philosophy  of  Reid.    By  E. 

Hershey  Sneath,  Ph.D.     6s.  net. 

Spinoza.    The  Philosophy  of  Spinoza. 

Translated  from  the  Latin,  and  edited  with 
Notes  by  Prof.  G.  S.  Fullerton.     6/.  net. 
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POLITICAL    ECONOMY 


Industrial  Combination.      By   D.    H. 

Macgregor.     it.  bd.  net. 

Introduction  to  Economics.    By   Prof. 

H.  R.  Seager.     8/.  bd.  net. 

Economic  Inquiries  and  Studies.    By 

Sir  Robert  Giffen,  K.C.B.  2  vols.  2U.net. 

Industrial  Evolution.  By  Prof.  Carl 
Bucher.  Translated  by  S.  Morley  Wick- 
rrr,  Ph.D.    12s.  net. 


Money  and  Banking.  An  Introduction  to 
the  Study  of  Modern  Currencies.  By 
William  A.  Scott,  Ph.D.     ioj.  net. 

Kicardo  on  the  Principles  of  Political 
Economy  and  Taxation.     Edited   by 

E.  C.  K.  Gonner,  M.A.     is. 

Adam  Smith's  Wealth  of  Nations.  Edited 
by  Ernest  Belfort  Bax.  2  vols.  $s.  (•  d. 
each. 


HISTORY 


Lingard's  History  of  England.     Newly 

abridged  and  brought  down  to  1902.  By 
Dom  H.  N.  Birt.  With  a  Preface  by 
Abbot  Gasquet,  D.D.  With  Maps,  is. ; 
or  in  1  vols.  Vol.  I.  (to  1485),  is.  bd. 
Vol.  II.  (1485-1902),  3/. 

A  Practical  Synopsis  of  English  Hist- 
ory.   By  Arthur  Bowes,     is. 

Leading  Documents  of  English  History. 

Edited  by  Dr.  Guy  Carleton  Lee.  7*.  bd. 
net. 

Strickland's  Lives  of  the  Queens  of 

England.    6  vols.    $s.  each. 
*»*  Abridged  edition  for  the  use  of  Schools 

and  Families.     6s.  bd. 

Dyer's  History  of  Modern  Europe,    a 

new  edition.  Revised  throughout  and 
brought  up  to  date  by  Arthur  Hassall, 
M.A.    6  vols.     With  Maps.     6j.net  each. 

The  Foundations  of  Modern  Europe. 

By  Dr.  Emil  Reich,    is.  net. 


Life  Of  Napoleon  I.  By  John  Holland 
Rose,  Litt.D.     2  vols.     10j.net. 

Carlyle's  French  Revolution.  Edited 
by  J.  Holland  Rose,  Litt.D.  3  vols. 
With  numerous  Illustrations,     ijr. 

Michelet's  History  of  the  French  Revo- 
lution from  its  earliest  indications  to  the 
flight  of  the  King  in  1791.     3J.  bd. 

Mignet's  History  of  the  French  Revo- 
lution, from  1789  to  1814.    3s.  bd. 

Gregorovius'  History  of  the  City  of 
Rome  in  the  Middle  Ages.  Translated 
by  Annie  Hamilton.  8  vols.  ^3.  3J.  net. 
Also  sold  separately. 

Select  Historical  -Documents   of   the 

Middle   Ages.     Translated  and  edited  by 
Ernest  F.  Henderson,  Ph.D.    is. 
Menzel's  History  of  Germany.     3  vols. 

3J.  bd.  each. 

Ranke's  History  of  the  Popes.  Trans- 
lated by  E.  Foster.    3  vols.    3J.  od.  each. 


For  other  Works  of  value  to  Students  of  History,  see  Catalogue  of  Historical  Books, 
sent  post  free  on  application 


ART 

*_•  Messrs.  Bell's  Catalogue  of  Books  for  Artists  and  Art  Workers  will  be  sent 
to  any  address  on  application 


By  Walter  Crane. 

The  Bases  of  Design.  With  200  illustra- 
tions.   6j.  net. 

Line  and  Form.  With  175  Illustrations. 
6j.  net. 

The  Decorative  Hlustration  of  Books. 

With  165  Illustrations.     6j.  net. 
Ideals   in    Art.      With    131    Illustrations. 
ioj  bd  net. 


Anatomical  Diagrams  for  the  Use  of 
Art  Students.  By  James  M.  Dunlop, 
A.R.C.A.  With  Introductory  Preface  by 
Prof.  John  Cleland,  M.D..  LL.D.,  F.R.S. 
With  71  Plates,  printed  in  three  colours. 
**,  net. 


Drapery  in  Art.    By  G.  W.  Rhead,  R.E. 

With  80  Illustrations,     bs.  net. 

Light  and  Water.  An  Essay  on  Reflexion 
and  Colour  in  River,  Lake  and  Sea.  By 
Sir  Montague  Pollock,  Bt.  With  many 
illustrations,     ioj.  bd.  net.  ... 

Alphabets.  A  Handbook  of  Lettering  for 
the  use  of  Artists,  Designers,  Handicrafts- 
men, and  Students.  By  Edward  F. 
Strange.     With  200  Illustrations,     is. 

Practical  Designing.  A  Handbook  on  the 
Preparation  of  Working  Drawings.  Edited 
by  Gleeson  White.    Freely  Illustrated.    5J. 

Lectures  and  Lessons  on  Art.    By  the 

late    F.    W.     Moody,      With    Diagrams. 
4*.  bd. 


WEBSTER'S 

INTERNATIONAL    DICTIONARY 

THE  BEST  PRACTICAL  DICTIONARY  OF  THE  ENGLISH  LANGUAGE 

New  Edition,  revised  and  enlarged,  with  a  Supplement  of  25,000 
words  and  phrases 

Medium  4/0.     2,348  pages,  5,000  Woodcuts 
THE    BEST    FOR    TEACHERS    AND    SCHOOLS 

In  addition  to  the  "Dictionary  of  Words,"  the  volume  contains  the 
following  Literary  Appendixes: — 

A  Dictionary  of  Noted  Names  of  Fiction,  a  Gazetteer  of  the  World, 
a  Biographical  Dictionary,  Vocabularies  of  Greek  and  Latin  Names,  of 
Scripture  Proper  Names,  and  of  English  Christian  Names,  a  Dictionary 
of  Quotations  from  the  Classics  and  Modern  Foreign  Languages,  a  List 
of  Abbreviations  and  Contractions,  and  a  Classified  Selection  of  Pictorial 
Illustrations.  The  volume  also  contains  a  History  of  the  English 
Language,  a  List  of  Indo-Germanic  Roots  in  English,  a  Guide  to  Pronun- 
ciation, an  Article  on  the  Principles  of  Orthography,  &c. 

Rev.  JOSEPH  WOOD,  D.D.,  Head  Master  of  Harrow  School:— "I  have  always 
thought  very  highly  of  its  merits.  Indeed,  I  consider  it  to  be  far  the  most  accurate 
English  dictionary  in  existence.  For  daily  and  hourly  reference,  '  Webster'  seems  to  me 
unrivalled." 

Rev.  G.  C.  BELL,  M.A.,  Head  Master  of  Marlborough  College  : — "  I  have  taken  time  to 
test  its  usefulness,  and  I  can  say  without  reserve  that  I  have  found  it  most  interesting  and 
valuable.  Constantly  I  turn  to  it  for  an  answer  to  questions  suggested  in  reading  or  con- 
versation, and  1  always  find  help.     I  wish  I  had  made  acquaintance  with  it  earlier." 

Rev.  G.  H.  RENDALL,  M.A.,  Litt.D.,  Head  Master  of  Charterhouse  School:— 
"During  the  last  six  months  1  have  tested  your  dictionary  by  frequent  use  as  occasion 
arose.  It  is  a  masterpiece  of  directness  and  compression,  and  the  devices  of  type  and 
niched  pages  do  much  to  assist  speedy  reference.  When  once  their  contents  are  realized, 
the  Literary,  Biographical,  and  Geographical  Gazetteers  appended  at  the  end  are  an 
invaluable  addition  to  one's  reference  shelf." 

Rev.  J.  GOW,  M.A.,  Litt.D.,  Head  Master  of  Westminster  School  :— "  As  I  turn  over 
the  leaves  and  consider  the  amount  of  thought  and  of  various  labour  that  must  have  been 
expended  on  this  extraordinary  book,  I  cannot  but  think  it  at  least  as  remarkable  as  the 
Pyramids  or  the  Coliseum." 

Dr.  J.  H.  MURRAY,  Editor  of  the  Oxford  English  Dictionary  :—"]t  is  a  wonderful 
volume,  which  well  maintains  its  ground  against  all  rivals  on  its  own  lines.  The  'defini- 
tions '  or  more  properly  'explanations  of  meaning'  in  'Webster'  have  always  struck  me 
as  particularly  terse  and  well  put ;  and  it  is  hard  to  see  how  anything  better  could  be  done 
within  the  limits." 

Professor  JOSEPH  WRIGHT,  M.A.,  Ph.D.,  D.C.L.,  LL.D.,  Editor  of  the  English 
Dialect  Dictionary : — "  The  new  edition  of  Webster's  International  Dictionary  is  undoubtedly 
the  most  useful  and  reliable  work  of  its  kind  in  any  country.  No  one,  who  has  not 
examined  the  work  carefully,  would  believe  that  such  a  vast  amount  of  lexicographical 
information  could  possibly  be  found  within  so  small  a  compass." 

Dr.  T.  J.  MACNAM  ARA,  M.P.,  says  : — "  I  have  had  it  at  my  elbow  during  six  weeks' 
hard  labour — professional  and  literary.  How  I  got  on  without  it  before  1  can't  imagine. 
I  have  found  it  absolutely  impregnable  to  the  critical  investigator  anxious  to  detect  short- 
comings.    It  is  simply  abreast  of  every   development,  whether  in  the  field  of  literature, 

science,  or  art.    No  school  and  no  teacher  can  afford  to  be  without  it." 
V  Send  for  ILLUSTRATED  PAMPHLET,  containing  hundreds  of  other 
Testimonials,  and  also  Specimen  Pages,  Prices  in  all  Styles  of  Binding,  &e. 
">  LONDON:    GEORGE   BELL  &    SONS 


DBHARY 


J\      uBRA 

k  O  T^  At'* 


AM* 


PLEASE  DO  NOT  REMOVE 
CARDS  OR  SLIPS  FROM  THIS  POCKET 

UNIVERSITY  OF  TORONTO  LIBRARY 


QA 

H85 

BH7 

1901 

c.l 

PASC 


m 


